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GEOMETRICAL EVOLUTION OF DEVELOPED INTERFACES

PIERO DE MOTTONI AND MICHELLE SCHATZMAN

ABSTRACT. Consider the reaction-diffusion equation in RY xR+ : u,—h2Au+
o(u) = 0; ¢ is the derivative of a bistable potential with wells of equal depth
and h is a small parameter. If the initial data has an interface, we give an
asymptotic expansion of arbitrarily high order and error estimates valid up to
time O(h=2). At lowest order, the interface evolves normally, with a velocity
proportional to the mean curvature.

RESUME. Soit I’équation de réaction-diffusion dans RY x R*, u, — h?Au +
9o(u) =0, avec ¢ la dérivée d’un potentiel bistable a puits également profonds
et h un petit parametre. Pour une condition initiale possédant une interface,
on donne un développement asymptotique d’ordre arbitrairement élevé, ainsi
que des estimations d’erreur valides jusqu’a un temps en O(h=2) . A I'ordre
le plus bas, 'interface évolue normalement, 4 une vitesse proportionnelle a la
courbure moyenne.

1. INTRODUCTION

1.1. Orientation. Let ®(u) be an even smooth function, having the shape
given in Figure 1.1, and let ¢ = @’. The exact condition satisfied by ® and ¢
are specified as follows:

o(u) <0, Vvue(0,1), o) >0, Vue(l, +o00),

(L.1) ¢'(1) >0,
r¢"(r) >0, vr #0.

Let & > 0 be a small parameter; consider the semilinear parabolic equation
in RV xRt, N>1

(1.2) %’; —h?Au+ ¢(u) =0

Received by the editors May 8, 1991. The present paper was received by the Journal of the AMS
in November 1989; a referee’s report was sent on August 15, 1990, and received by the first author
on September 22, 1990. Requested modifications were sent at the beginning of December 1990,
and the paper was rejected in January 1991. The revised version of the paper was sent directly by
the editor of JAMS to the editor of the Transactions of the AMS; it was received on May 8, 1991
and accepted on that date.

1980 Mathematics Subject Classification (1985 Revision). Primary 35B25, 35K57; Secondary
53A10.

The work of P. de Mottoni has been partially supported by Université Lyon 1-Claude-Bernard;
the work of Michelle Schatzman has been partially supported by the Italian Ministry of Universities
and Research, National Program on Differential Equations.

©1995 by the authors

1533



1534 PIERO DE MOTTONI AND MICHELLE SCHATZMAN

[ =<

FIGURE 1.1. The functions ® and ¢

with initial condition
(1.3) u(x,0) = up(x), xeRM

Our problem arises naturally when studying transition between phases which -
are equally probable, and one is not interested in the microscopic properties
of the interface. Equation (1.2) can be derived from the time-dependent real
Ginzburg-Landau model [KaOh], and our u# can be understood as an order
parameter.

We show that if up is in L>®(RY) (1.2), (1.3) possesses a unique solution,
and we give estimates for large times of all the derivatives of u (§2).

For not too large times, the solution of (1.2) with smooth initial data ug
behaves as if there were no diffusion. In particular, it tends to +1, according
to the sign of the initial data. We choose initial data which are bounded away
from zero for large |x|. When the gradient of u is large enough (namely,
|Vu| = O(1/h)), the diffusion balances the kinetic effects. The solution of
(1.2), (1.3) stays smooth because of the diffusion, but it develops transition
zones between the regions where u ~ 1 and u ~ —1, in which |Vu| is very
large. A dimensional argument shows that the thickness of these transition
zones should be O(h).

We are interested in the evolution of developed interfaces for large but not
infinite times, “developed” meaning that the initial condition has an interface.
The asymptotic for ¢ — +oo is not interesting: if liminf,_ . to(x) > 0, then
it can be shown that lim,_,, . u(x, t) = +1, and symmetrically with respect to
u=0.

The phenomena we consider are on the time scale A~2, in contrast with the
one-dimensional case [CaPe], where the relevant time scale is exp(C/h). Nev-
ertheless, the simple aspects of the one-dimensional case are the basic building
blocks for our analysis.
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FIGURE 1.2. The standing wave © and its derivative 6

It is well known [Ka] that the problem
ot 0x?
admits travelling wave solutions v(x —ct) which are standing, i.e., ¢ = 0. This

holds because ® has minima of equal depth. Let © be the unique increasing
solution of

(1.5) ~6" +¢(©) =0

such that ©(0) = 0, and let 8 = ©'; see Figure 1.2. Clearly, ©(x) converges
exponentially to =1 as x — +oo. More precisely, there exist positive constants
B and B’ such that:

1 -8(x) ~ B'exp(—Bx), forx — +oo,
(1.6) 0(x) ~ BB exp(—Bx), forx — +oo,
0'(x) ~ —B%B exp(—Bx), forx — +oo,
with similar expressions as x tends to —oco.
The linearization of (1.4) around © suggests that we consider the unbounded
operator 4 in L?(R) defined by by
(1.7) D(A) = H*(R); Au=-u"+¢'(O)u.

which is clearly selfadjoint because ¢'(6) is real and bounded. An essential
property of A is summarized in the following statements:

(1.4) +o(u)=0, x€R,

(1.8) The infimum of the spectrum of A is the isolated simple eigenvalue O ;
) the corresponding eigenspace is spanned by 0.

Indeed, if we differentiate (1.5), we can see that 6 satisfies
(1.9) -6" +¢'(8)6 =0,
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i.e., 6 isin the kernel of 4. As ¢'(1) = max, ¢'(6(x)), we know from [AcGl]
that the intersection of the spectrum of 4 with (—oo, ¢/(1)) contains only
eigenvalues. Since 6 does not vanish, 0 is a simple eigenvalue.

That zero is the lowest eigenvalue of A4 is a geometrical fact, which expresses
the invariance of (1.4) with respect to space translations.

With the operator 4 we shall associate the Rayleigh quotient

J(VyP + ¢'(®)y?) dx
[y*dx

defined for y € H'(RV), y # 0. Here, and throughout the paper, the integrals—
if not otherwise specified—extend to the whole space. Clearly,

inf{R°[y] / y € H'(R¥)} = 0.
It is well known that interfaces appear in the one-dimensional case [FMcL]; in

[MoSc2] we show that they develop in the N-dimensional case as well.
The first guess for an approximate solution of (1.2) is

(1.11) u=9(w) )

where A%(x, s) is the algebraic distance from x € R¥ to a certain hypersurface
I'O(h%t) (namely, A° is the Euclidean distance on one side of I'® and minus
the Euclidean distance on the other side); the slow time scale s = A%t will be
justified by the following considerations: If we apply /8¢ — h?A+ ¢ to (1.11)
we obtain

(1.12)

(62[ - h2A> U+ d(u)

0 2 0 2
— ho (——A LIL ”) 2 Ao, i) - @ (A—("}; h ’)) VA, K1)

— ho (A—o("h—hz’)) ANO(x , h2t) + (u).

If I'%s) is smooth, the distance to I'%(s) is smooth in a tubular neighbour-
hood

(1.10) Ry =

77%(s) = {x/ dist(x, T%s)) < 4},
where dist(x, A) is the Euclidean distance from x to a set 4, and
(1.13) [VA%(x, s)| =1 inZ7s)
Therefore (1.12) becomes by virtue of (1.5)
0 2
(E_h A)u+¢(u)

(1.14) iy (AO(x, h2t)) (61\0 _AA0> (x, h?1).

h s

The function 6(x) takes its maximum at x = 0. To make the right-hand
side of (1.12) as small as possible, it is necessary to have

(1.15) (a—AO—-AAO) (x,5)=0, x € Tos).
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Relations (1.13) and (1.15) together govern the evolution of I'(s).

As will be shown in subsection 1.2, the lowest order term (1.15) for the
evolution of the interface is what geometers call motion by mean curvature: the
velocity of the hypersurface is normal and proportional to the mean curvature.
In other words, the global picture is essentially a dynamical Plateau Problem
[Bra].

The evolution problem for I'%(s), specified by equations (1.13), (1.15) is
known to have a unique local solution, i.e., up to s < Ty, Where Tgpg > 0.

Our approach to the problem consists in providing a sound mathematical
foundation to a Chapman-Enskog expansion, corresponding to the intuition
often put forward by physicists, that the leading term in the expansion should
describe the evolution of the interface by motion along the gradient of the
surface tension [AlCa, KaOh, Sp].

In this article, we give an asymptotic expansion of arbitrary large order for
the solution of (1.2) with initial condition of the form

0
(1.16) Uo(x) = © (A(_:_O_))

in the neighbourhood of Ty = {A%(x, 0) = 0}, which is supposed tobea N —1-
dimensional compact manifold. The expansion is valid for times ¢ < A~2T*,
where T™ is any positive number less than T, . The asymptotic expansion of
u is of the form

. 2 M .

(1.17) u(x, t; )~y v/ (W,Z(x,hzt;h),t,hzt)h’,
j20

and the asymptotic expansion of the distance function to the interface is

A(x,s5h) ~ Y A(x, s)h/

j20

Here X(x, h%t; h) describes tangential coordinates.

The expansion technique is fairly obvious: for all j we equate to zero the
coefficients of A’/ in the expansion of the equation. The lowest order term v°
will be equal to 6(u). The second term v! stays bounded for all time if we
require an orthogonality condition. This condition is exactly (1.15). It is a
fortunate circumstance that v! vanishes, but v2 does not, as long as I'%(s) is
not flat (see the end of §3). So, in contrast to the one-dimensional case, the
exact solution cannot be closer to v° than an O(h?) in L™ norm. At higher
order (j > 1), each v/ satisfies an equation of the form

ov/ i_ _pj

ET; + Av! = —P
with a source term P’/ depending on v* and its derivatives (k < j —2), and
on A* and its derivatives (k < j — 1). The v/’s stay bounded for all time
if the source term is orthogonal for large ¢’s to the kernel of the operator 4.
This leads to an equation for A’ of the form

on

_ATYOAJ _ i — O
S — AN — C(o, N = 0f
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where AT’ is the Laplace operator of the manifold I'°(s), equipped with
the metric induced by RV, C(a, s) is the sum of the squares of the scalar
curvatures, and Q) depends only on A* (k < j—2), and lim, 00 v* (k <
J=2) (83).

All the terms in the asymptotic expansion are estimated in a number of func-
tional spaces. In particular we show that for j > 1 the quantity |v/(u, 7, s, )|
converges exponentially to zero as u tends to infinity, uniformly in o, s, ¢.
This enables us to extend the expansion (1.17) defined on a tubular neighbour-
hood of I'’(s) as a C* function on RY. Then we estimate in L2 and L
the remainder p?-* = (8/0t— h?A)u?-" + ¢(u?-") where ud-* is the expansion
truncated at g terms (§4). We have to estimate the derivatives of any order
in s and o because we perform an inductive proof which involves more and
more differentiations.

The estimates on the remainder enable to appreciate the error made when
taking the truncated expansion in place of the true solution. The idea of the
error estimate is the following: v be the exact solution of (1.2) with initial data
(1.3). The difference w = v — ud-" satisfies

%’ltﬂ _ th'w + ¢I(uq,h) — __pll,h _ ‘//(uq,h’ 'LU)'I.UZ.

The remainder p?-* is small if we take g large enough, and y is bounded
when its arguments are bounded. Estimates in L2 do not work because of the
nonlinear term on the right hand side. Therefore, we combine L? and L*®
estimates in a bootstrap procedure, using connectedness in time. We provide
error bounds in L? and L*™ of the whole space (§6). It turns out that the
number of terms g we need to estimate the error increases linearly with the
space dimension N . This is why we need expansions of arbitrary order.

We can perform the L? estimates because the spectrum of the selfadjoint
operator — h2A+¢'(u9-"*) can be estimated from below by —Ch2 . The potential
@' (u?-") is everywhere strictly positive except in a region of width O(k) around
the interface. Therefore, all the interesting phenomena happen very close to the
interface. This rough picture can be made precise by showing that if {* is the
normalized eigenvector corresponding to the smallest eigenvalue, then

/ (RIVL] + L) dx < Cle=CIVE.,
7 [Vh) :

Here Z°[Vh] is the set of points located at a distance less than v/ from the
interface. Hence we may reduce ourselves to a Neumann problem in a tubular
neighbourhood of the interface of width O(vh). As we are interested in a
lower bound, we consider only the normal modes, which leads us to a collection
of Neumann problems depending on the tangential variable o as a parameter.
We deal with them by comparing them to a o-independent Neumann problem,
and by using precise perturbation techniques (§5).

The symmetry assumption we made on the potential ® was introduced only
for convenience. We believe that all the results proved here go through for more
general potentials, the only essential requirement being that @ has two wells of
equal depth.

The compactness assumption on Iy is technical in nature. It could be re-
placed by suitable uniformity assumptions.
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Our analysis can be applied to the one-dimensional case: then all terms of
the asymptotic expansion are zero, except the term of order zero ; the same
situation, intuitively characterized by the absence of surface tension, prevails
in case of a flat interface. Using the same strategy as here, with less geometry
and more subtle estimates,since we must deal with exponentially small terms
the results of [CaPe, FuHa and Fu] can be recovered and made more precise,
as we will show in a forthcoming article; see subsection 1.3 for more detailed
bibliographic information.

The results we present here have been announced in [MoScl].

1.2. Motion by mean curvature. Let I" be a fixed reference manifold, and let

o — X°0, o, s) be a diffecomorphism between I' and I'O(s). If v(a, s) is
the exterior normal to I'%(s) at X°(0, o, s), we define

(1.18) X°0, 0,5)=X%0,0,s) +Aiv(o, s).

The mapping X9(., ., s) is a diffeomorphism from [-1,1] x ' to a tubu-
lar neighbourhood 77%(s) of I'(s). The inverse diffeomorphism is x —
(A%x, s), Z%x, s)) . This can be expressed as

(1.19)  x=X%A%x, 5)Z%x, 5), 5), VxeZ%s).
Without loss of generality, we may assume that

0
(1.20) oX ——(0, o, s) is parallel to VA°(X°(0, ¢, 5)), Vo, s.

as
This assumptions freezes the parametrization of I'%(s) by I', up to a reparame-
trization of I" which does not depend on time (Lemma 3.3). If we differentiate
(1.19) with respect to s, we obtain

O—aX (A%x, s), Z%x, s), s) (x s)

0

(1.21) + %—(x,s)-Xo(Ao(x,S),ZO(X,S),S)
3 0

S5y (W(x,5), 2(x, 5), ).

Here (8X°/3s)-X° denotes the action of the vector field 9X°/8s on X0 (dif-
ferentiation of X° in the direction of X°/s). This vector field notation will
be repeatedly used throughout the paper.

Relation (1.18) implies that

0

(1.22) 3X O (A%x, ), 2(x, 5), 5) = v(2(x, 5), 5), Vx € TO(s).
Relation (1.21) becomes, by virtue of (1.20), (1.22) and the equation for A°
(1.15)

(1.23) %(Ao(x, 5), X0(x, 5), s) = —v(x, s)AA%(x, s), VxeTs).

A calculation in local coordinates shows that AA%(x, s) is the mean curvature
of I'%(s), i.e., the sum of the scalar curvatures. The sign convention is that the
mean curvature of a convex hypersurface is positive. Thus (1.23) is precisely
the motion by mean curvature.
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1.3. Bibliographical remarks. Equation (1.2) has been proposed to describe
the dynamics of various allloys such as Fe3Al, NizMn and CuZn which un-
dergo an order-disorder transition. In such a model, the order parameter is not
conserved. Such interfaces are called antiphase boundaries in the physical lit-
erature; the theory of antiphase boundary motion has been extensively studied
by Allen and Cahn. They predicted that the motion of a gently curved inter-
face is proportional to its mean curvature [AlCa]. The dynamics of first order
phase transitions is a very active subject in physics. The reader is referred to
the extensive review [GuSMSa] for an introduction to the physicists’ point of
view.

The stationary problem for (1.2), possibly coupled with a mass constraint,
has been studied in [Gu, KoSt, GuMa, Mo, LuMo and CaGuSl]. The evolution
problem in one dimension has been tackled by [Ne], and has been developed
by [CaPe, FuHa, Fu, BroKol]. L. Bronsard and R. V. Kohn [Bro, BroKo2]
worked out the N-dimensional case under the assumption of radial symmetry;
their methods are very different from ours. J. Rubinstein, P. Sternberg and
J. Keller [RuStKe] have obtained by formal asymptotics the lowest order term
of the expansion in two dimensional space, and moreover they consider the
interaction with boundaries. Related results have been obtained independently
by Danilov and Subochev [DaSu]. A probabilistic approach was used by Freidlin
[Fre], Presutti [Pr], Benzi, Jona-Lasinio, Sutera [BeJoSu].

Related papers are [KaOh, CgFi, Cg, Fi, FiGi, FiHs, AnGu, Anl, An2, An3,
No].

Concerning the motion by mean curvature (see subsection 1.2), Hamilton
[Ha] has proved by Nash-Moser estimates that this problem has a unique solu-
tion locally in time; DeTurck [Dt] has reduced it to a nonlinear integrodifferen-
tial parabolic problem, Brakke [Bra] treats dynamical Plateau problems in the
frame of geometrical measure theory, and a number of articles consider more
specialized questions [Gr, GaHa, Hu].

After the present research project was completed, Chen [Ch] found a simpler
and shorter proof of the fact that interfaces move by mean curvature ; his proof
relies heavily on the maximum principle and works before singularities appear.
In a forthcoming paper [ESS], Evans, Soner and Souganidis show that interfaces
move by mean curvature, even beyond the time of appearance of singularities.
Once again their proof relies on the maximum principle, since it uses techniques
of viscosity solutions for Hamilton-Jacobi equations, according to P. L. Lions
and M.G. Crandall. In both papers, the authors show that at a distance o(1)
from the moving interface, the solution is very close to +1, but they do not
obtain a profile for the solutions as we do.

It cannot be expected that proofs relying on the maximum principle can
be generalized for higher order problems such as Cahn-Hilliard equation ; the
maximum principle is used in this paper only for time dependent estimates,
and it could probably be substituted by some other technique. The spectral
information (1.8) on the one-dimensional problem is highly dependent on the
maximum principle. However, §5 of this paper uses only Rayleigh quotients
and hilbertian estimates.

The news of the untimely and tragic death of P. de Mottoni on November
25, 1990 reached the second author while this article was in the last steps of the
revision process.
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2. EXISTENCE AND UNIQUENESS; ESTIMATES

Let ¢ be a smooth function from R to itself; assume that there exists R > 0
such that

(2.1) [r| > R=r¢(r) > 0.
In this section, we prove the following existence and uniqueness result:

Proposition 2.1. For any ug in L*®(R") and any h > 0, there exists a unique
function u belonging to L*(RN x [0, T]) for all T > 0, continuous from R*
to D'(RN) that satisfies

(2.2) u, — h*Au + ¢(u) = 0 in the sense of distributions on RN x R*;
and the initial condition
(2.3) u(x, 0) = up(x).

Moreover such a function u is infinitely differentiable over RN x (0, o), and
the following estimate holds

(2.4) [u(., t)|oo < max(|ug|oo, R)-

This result is not surprising at all ; one might think that it is a standard conse-
quence of the large body of results pertaining to semilinear problems which are
bounded perturbations of monotone problems; unfortunately, theorems which
cover the case of an unbounded domain and L* initial data do not seem to
be available; we could have started from existing results and performed an ap-
proximation procedure, but it did not shorten the proof; moreover, we need the
global estimates of subsection 2.3 below. The proof is organized as follows: in
subsection 2.1, we prove local estimates and regularity; in subsection 2.2, we
apply the maximum principle to obtain the uniqueness, and in subsection 2.3,
we obtain uniform bounds on the maximum norm of u(., ¢) and all its deriva-
tives on RY x [T, +o0], for all T > 0. The proof is concluded in subsection
2.4,

2.1. Local estimates. The first estimates we prove are local in time; assume
that (2.2) has a solution satisfying the initial condition, and essentially bounded
over RY x [0, T] for all positive T. Let f = —¢(u). We denote by |v|., the
norm of an element of L®(RY x [0, T]). Under our assumptions, the function
f belongs to L*(RN x [0, T]).

Let £ denote the fundamental solution of the heat equation:

&-A& =6 inRYxR, supp& cRY xR*;
it is given explicitly by
(2.5) &(x, t) = (4nt)~M2 exp(—|x|*/4t).

The following relation is a standard consequence of the properties of funda-
mental solutions: for ¢ < ¢,

(2.6)  u(.,t)=&(., k¥t —1)) *ul(., z')+/tg(., Rt —5)) * f(., 5)ds.
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In order to estimate the spatial derivatives of u, we apply the method of trans-
lations; we define finite difference operators Vz for 6 #0 by

(V00) (x) = v(x + Oeg) - v(x)‘

where (e;, ...ey) is the canonical basis of RY . If we apply Vz to (2.6) with
t' =0, we obtain

(2.7)  Vu(.,t) = (Vi&(., h*t )*uo+/V,€8’ , h2(t—$) * f(., s)ds.

An elementary computation shows that for all ¢ > 0,

9 2
/‘ax (x, K21) dx<h\/_
Therefore,
0 2
(2.8) / VIE(, H0)ldx < f
With the help of (2.8), we obtain from from (2.7)
20Vt
IV2u(., D)oo < h\/—|u0|oo 1 ——|floo-

Therefore, for all times 7, such that 0 < T; < T < oo, u is Lipschitz contin-
uous in space on RV x [T}, T], and its spatial derivatives satisfy

ou

8xk oo
If we apply two finite difference operators to (2.6) with ¢ = T; we shall have
VIVIU(., 1) = [VIE(., B2t = V)] * [V1ul(., T1)

+ /TI[Vzg’(., R (t - $)]1*[VIS(., 5)]ds.

From (2.9), we deduce that

V7 floo < |V]utloo max{|¢'(r)| /7 < |uloo} < h™' Ly max{|¢'(r)| /7 < |tloo} »
uniformly in # and j. Therefore, we obtain the estimate
C}‘IZL‘ [J%T +2max{|¢'(r)| / 7 < |uloo} VT — T,] :
Therefore, for all T, € (T}, T), the finite differences VZu are uniformly
Lipschitz continuous; by Ascoli-Arzela theorem, u is continuously differen-

tiable, and its first derivatives are Lipschitz continuous, with Lipschitz constant
h—2 Ly:

(2.9) ShT'LI(Ty, T, |u|o).

IVEVTu(., )] <

L, < C L, [—\/Tl—-—_T' +2max{|¢'(r)| /r < |uloo}VT — Tl] .

This enables us to differentiate (2.6) with respect to x; at time t' = T5:

dju(x, 1) = £(., K2t~ To))*du(., To)+ /T E(., B (t—s))* (8 (Wdu)(., 5)ds.
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An inductive argument, whose details are left to the reader, shows that for
a=(ag,...,ay) amulti-index, 0% =9;" ---0x", |la| =a; + -+ an,

%u(x, t) =& (., h2(t — Tia))) *0°u(., Tia))
(2.10) + t &(., h*(t —s)) * Fo(0%u, B < a)(., s)ds;
Tia

here F, is a smooth function depending on the arguments 8fu, for f; <
ar,1 < k < N, and the sequence T, is increasing. On each strip RY x
[T,, T], we have the estimate, for |a| =n

(2.11) 0°U(., Oloo <A "Ly(Ty, T2y ... s Ty, T, |t|oo, @).

The constant L, depends on ¢ through the bounds over ¢ and its derivatives
of order at most n over the interval [—|u|w, |#|oo]. Therefore, we have the
desired regularity, with the additional information (2.11).

2.2. Uniqueness. In order to obtain the uniqueness, we consider two solutions
u and v of (2.2) with respective initial conditions u, and vp. Let

M(t) = max(0, esssup(u(., t) —v(., t))).

Denote
y =sup {|¢'(r)| / |r| < max(|ulo, |V]oo)} -
Assume that for some ¢ > 0 there is a point Xx; such that

(2.12) M(t) = u(x;, ) —v(x;, t) > 0.

then
A(u—-v)(x, 1) <0,

and as M is left differentiable over (0, T),

o(u—v)

d—

for all £ > 0. Thus,
——M(t) < —¢'(w)M(t)
where
w=w(x, ?) € [min(u(x, t), v(x, 1)), max(u(x, 1), v(x, 1))].

This implies that
(2.13) %}M(t) < yM(t).

Assume now that there is no point such that (2.12) holds. If M(¢) > 0, there
is a sequence {x;}, with |xj| — oo as j — oo such that

Jim (u(x;, 1) - v(x;, 1)) = M(D).

An elementary argument shows that

jlim (Vu(x;, t) = Vo(x;, 1)) =0,



1544 PIERO DE MOTTONI AND MICHELLE SCHATZMAN
lim sup(Au(x;, t) — Av(x;, t)) < 0.
Jj—o0 .
Therefore, we still have (2.13). If M(¢) = 0, and there is no point such that
(2.12) holds, (2.13) is still true: one has to consider the two cases: sup(u(., ¢)—
v(., t)) = 0, as previously and sup(u(., t) — iv(., t)) < 0, which is trivial. Let
us show now that

(2.14) limsup M(t) = M(0).

t—0

As u(., t) is bounded in L*°(R") uniformly in ¢ € [0, T], and converges to
uo in the sense of distributions as ¢ tends to zero, we can see that u(., t) — yp
in L>°(RM) weak-*. In particular, for ¢ <s,

[u(., t) —v(., t)|oo < sup M(t),
[0,s]

and therefore,

|4 — Voloo < inf sup M(¢) = limsup M (s).
s€[0,T]g(0, 5] s—0

On the other hand, (2.6) implies that
[u(., 1) = (., )l < ltto — Voloo + 0(1).

Hence we obtain (2.14). From (2.13), we deduce that M(¢) < M(0)e”. In
particular, the following implication holds:

(2.15) up<wvgae =ulx,t)<v(x,t), V(x,t)eRNx(0,oc0).
Exchanging the roles of u and v, we can conclude that
(2.16) [(u = v)(., t)loo < €"*|tto — Voco-

We obtained a quantitative estimate of the continuous dependence of the
solution with respect to the data; it implies in particular the uniqueness.

2.3. Global estimates. Consider a particular solution of (2.2) defined by
(217)  v(x, ) =p(@t); p(0)=max(R, |uolw); p'(t)+¢(p(2))=0.
Thanks to assumption (2.1), p is defined for all ¢ > 0, and satisfies the estimate

lp()] < 1p(0)], VE>0.

Moreover, v is a solution of (2.2) with initial condition vy = p(0). Therefore,
if u is a solution of (2.2), it satisfies (2.4). For all the derivatives of u we shall
obtain estimates holding uniformly away from ¢ = 0: assume that we have
found 71 < 7, < --- < T, such that

(2.18) Vm < n,Vasuchthat |a|=m,Vt> T, : 0%, )| < Kmh™™.

Let
¢n = max sup |[Fo(8%u, B < a)(., )|,
lel=n¢>T,
which is bounded according to the induction hypothesis; according to (2.10),
we can write the inequality, for all ¢, ¢ such that T, < ¢ < t, and o with
|/ |=n+1:

g G [ Kn
|8 u(., t)loo < W [ﬁ"’zcn\/t"tl .
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If 7, is some strictly positive number, the choice 7, < ¢ and ¢t = t' + 1,
implies that for ¢t > T, = T, + tp

10 u(., t)|oo < H~"VK,,,
with

K,
K1 =Gy [\/11 + 2c,,\/r,,] .
n

2.4. Existence. Given ug in L°(RV), H >0, p(0) asin (2.17), and @ an
infinitely differentiable function with compact support such that

w(r)=1 if [r| < p(0) +1,
{ w(r)=0 if |r| > p(0) + 2,
w(r) € [0, 1] otherwise.

we define ¢ by )
#(r) = w(r)(r) + (1 — w(r))H|r|.
Therefore, ¢ is smooth, uniformly Lipschitz continuous on R and satisfies

condition (2.1). Solutions of (2.2), (2.3) with ¢ replaced by ¢ are fixed points
of the operator

Tu(., t) =&, h*t) xup — / “E( (1 - 5) (., 5))ds.
0

By Picard iterations, we can find for all positive T an integer p € N, such that
JP is strictly contracting in L>®°(R¥ x [0, T]). Thus, .7 has a unique fixed
point; according to Step 3, this fixed point satisfies |u(., )| < p(0). As ¢ and
é coincide over [—p(0), p(0)], the existence is proved. O

3. ASYMPTOTIC EXPANSION

Let I'y be a compact smooth manifold of dimension N — 1 embedded in
RV, and let Ag(x) be the normal coordinate of x with respect to I'p. In a
small enough neighborhood of I'y, Ay is a smooth function of x. In this
section we prove that problem (2.2) with initial data of the form

(3.1 up(x) =0 (A%x)) in a neighbourhood of Ag

possesses an asymptotic expansion of arbitrary order.

In the first subsection, we establish some technical lemmas; next, we introduce
the reader to a few geometric facts that are needed to write intrinsic operators on
manifolds and prove that the knowledge of the normal coordinate A(x, s; k)
to the interface I'(s; &), coupled with a very natural geometric normalization
condition, determines the parametrization X(4, o, s; h) of the interface up to
a reprametrization which is independent of s and 4. In subsection 3.3 we shall
formally set up the asymptotic expansion. This involves as well an expansion for
the parametrization X (4, o, s; h) of the interface I'(s; &) : we shall prove that
the normalization condition exploited in subsection 3.2 permits to determine,
at every step of the expansion, the parametrization of I'" in terms of the normal
coordinate A : in other words, at every step of the expansion, the contribution
to the tangential coordinates is fully determined. The complete algorithm for



1546 PIERO DE MOTTONI AND MICHELLE SCHATZMAN

the construction of the successive terms of the development will be described
in subsections 3.4 (devoted to the equations for the A/’s) and 3.5 (devoted to
the equations for the v/°s). This algorithm will be justified rigorously by the
estimates of §4.

3.1. Generalized chain rules. The following technical lemmas will enable us
to make asymptotic expansions of composed functions:
For k € N, let us define the set

A = {a € (N)N, a; = 0 for j large enough / Zjaj = k} .

Jj20

Lemma 3.1. Let g : R — RV, f : RV = R be C>® functions. Then for any
keN:

3.2) e k(f g)(x) = Za"D“"f(g(x))@ x))®

a€Ay

where |a| = 3" a;, Dl f denotes the differential of f of order |a|, and ak are
positive numbers.

Proof . The result is obvious if k = 1. Suppose it holds for k < /: to show that
it holds for k =/ + 1, consider

2 (b 1(600) @50

j=1
1 I+1

{D""*‘f(g(x)) ®(g (x ®ﬁ,° +D|a|f (x))zas® J')(x))ﬁ;s'}

s=1 Jj=1
where
,8?=(a1+1,a2,...,a1),
B = (1, eeso5-1 05— 1, a5+ 1,...,0qp), for1<s</,
ﬂj—(al,az,...,as_l, 1).

A straightforward calculation provides

(3.3) 1Bl=1+1, |B'|=1, 1<s<I;
moreover

Y il =ar+1+) jaj=1+1;

j21 j22

YiBs= Y Jejtsas—s+(s+ Do+ (s+D)+ Y Jjaj
(3.4) Jj21 1<j<s—1 Jj2s+2
' =Y jaj+1=1+1 for1>s>k-1;

Jj21
S iBi=1+1.

21
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The new coefficients are still positive numbers: in view of (3.3), (3.4) we con-
clude that (3.1) holds for k =/+1 aswell. O

Lemma 3.2. Let g:R—RY, f:RxRN =R be C® functions. Then

dk
T S (x, g(x))}
f(x g(x )+ZC"Za”

a€Ap

Proof. Let f(x, g(y)) = h(x, y).
It is easy to show that

DL‘Z'f(x g(x )é gV (x))®
Jj=1

d okh(x,x) okf
s =5 2
p=

axkPaxp = oxf

The result follows by virtue of Lemma 3.1. As an apphcatlon of Lemma 3.1,
take ¢ € C*, 1 <k, and define

(3.5) PO, ..ok = Y akgled(w ]‘[ o)),
a€ Ay j=1
a#(0,...,0,1)

Then we can write, for any ¢ > k
dk a9 o
(3.6) k!mqb > vin = ¢'(WO)wk + Pk @O, ..., vk,
h=0
The proof is easily obtained, by writing

q
g(h)=> v'ht,

i=0

x>

and computing d*¢(g(h))/dh* . We shall use more often the notation ¥* for
a function slightly different of ¥* . We postpone its definition until needed (see
(3.27).

3.2. Geometrical preliminaries. Let I be a compact smooth manifold of di-
mension N—1 embedded in RY . T is not necessarily connected. The manifold
I' is equipped with the metric induced by the metric of RY . There is an intrin-
sic operator AT defined on C%(I') as follows: let (X:, 7) be a local chart on
I', with 7(X;) an open subset of R¥-!. In local coordinates, the contravariant

metric tensor is denoted g/* and g = det(g’%); then
1 0 i 0
r, _ Jjk -1
Av= iz Ej % (,/g,g, 3k (vort )) oT.

It is well known that AT depends smoothly on I" and the metric of I'.

Let v(o) be a continuous normal at ¢ to I', and define a mapping Y from
RxI to RN by Y(4, 0) = 6+Av(a). Let 1 be strictly smaller than the infimum
of the radii of curvature of I'. Then, Y is a diffeomorphism from [-4, A] xT
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7(s) [-A. A] x TG, 0

(A,2) 1,S)

FIGURE 3.1.Tubular neighbourhoods, cylinders and all
that

to a tubular neighborhood 7 of I; its inverse is denoted (A(x), S(x)). Itis
clear that [VA| = 1 on 7. We choose the direction of v on each connected
component of I" in such a way that A can be extended as a smooth function
on RY which vanishes only on I.

Define for any A the manifold parallel to I’

I'(A)={Y(@A,0)/oeT)}.

If |A] < 4, I'(A) is smooth. Then, the N-dimensional Laplace operator
on 7° can be decomposed as AL + AT™ . More precisely, let # be a smooth
function on 77, and let

v(d, o) =u(Y(4, g)).

Then
2
3.7) (Au)(Y(4,0)) = 33712} + ‘3—3

The above considerations carry over to the case in which the surface I" de-
pends on parameters: in our case, since we expect that the (unknown) interface
depends only on the slow time s = A%t and A, we shall denote it by I'(s; &);
it will be smooth, and we expect that there exist constants 7* and A* to be
determined later such that I'(s; #) will stay diffeomorphic to itself for s < T*
and for A < h*. Hence, and in all the article, we will mention no more those
limits, and the reader will understand that they hold whenever we write “ for all
s and h”. Let A4 be strictly smaller than the infimum of the curvature radii of
I(s; h), for all A. Let Z°%s) = {x € RY /dist(x, I'(s; 0)) < 2} . By possibly
redefining A, we see that

{x e RV /dist(x, I'(s; h)) <2} c Z%s), forallh.
In 77%(s), the normal (respectively tangential) coordinate A(x, s; k) (resp.

S(x, s; h)) is smooth; the diffeomorphism Y (4, g, s; #) and the parallel hy-
persurface I'(4, s; &) are defined as in the previous subsection.

AAN(Y (X, 0)) + (ATPy(4, ) (o).
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Let T be a reference manifold, assuming it is diffeomorphic to I'(s; 4) for
all s and all 4. There is a diffeomorphism S(., s; &) from I" to I'(s; h). We
shall denote -

X(A,0,5;h)=Y(,S8(a,s;h),s;h),

Z(x,s;h)=8(.,s;h)7'S(x, s; h).

With these notations,

(3.8)  X(A(x,s;h),Z(x,s;h),s;h)=x, YxeZs), Vs, Vh;
(3.9) IVA(x,s; h)| =1, V¥xeZ0s), Vs, Vh.

It turns out that a purely geometrical normalization conditions determines
the parameterization X(4, o, s; A) of I'(s; h) in terms of the normal coordi-
nate A(x, s; h): more precisely, we have

Lemma 3.3. Assume A(x, s; h) is given, S(o, 0; h) is independent of h, and
the parametrization X satisfies
(3.10)

%(0, o, s; h) is parallel to VA(X(0, a,s; h)s; h), VxeZs), Vs.

Then the parametrization of T'(s; h) is defined up to a reparametrization of T
which is independent of s and h.

Proof. Let m(a, s; h) be a reparametrization of I, i.e., a diffeomorphism of
I' to itself depending smoothly on s and 4, and let

X(A,0,s;h)=XA, m(o,s; h),s;h).
Then (3.10) implies that

%(0, m(a,s; h), s; h)is parallel to VA(X(0, o, s; k), s; h).

On the other hand,

X om
E(O,a,s,h)—g(a,s,h)-X(O, m(a,s,h),s,h).

0X
+ 33 (0, m(a,s; h),s;h)
Therefore, the tangential vector dm/ds(a, s; h)-X (0, m(a, s; h), s; h) hasto
be parallel to VA(X(0, o, s; &), s; h) which is a normal vector. This implies
om(o,s; h)/ds =0, and m(o,s; h) = m(g,0; h). In other words, m is
fixed by its initial condition. But we assumed m(o, 0; ) = m(a, 0; 0). Thus
X(A, 0,s; h) is determined up to a constant reparametrization of I', and so
is X(x, s; h). This proves the claim. O

Let w be a smooth function of (u, o, t,s;h) € [-A/h, A/h] x [(s; h) x
R* x [0, T*] x [0, A*], and let

A(x, h2t; h)

(3.11) u(x,t;h)=w( A

,S(x, h%t; h), t,hzt;h).
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We have a formula analogous to (3.7), which involves 4 :
(3.12)

2
RAUY (R, 0,55 k), 15 h) = ?,7’;’(#, o, t,5; WIVA(Y(h, 0, 53 h), 53 h)P

+h"’a—";’<u, o,t,5; DAY (uh, 0, 53 h), 5 h)

+ R2(ATWS By, ., 8, 55 ) (o).

Let v be the pull-back of w by X(uh,.,s; h):

v(u,0,t,s;h)=wu, X(uh,o,s; h),t,s; h)=(X(uh,.,s; h).w) (o).
We define an elliptic differential operator B(u, s; h) on the fixed manifold T’
by pulling back AT(®##-5:%) to T using X(uh, ., s; h):

B(u,s; hyv(u, ., t,s; h)
(3.13) = ATEhSshay(u, ., t, 53 h)
=X(uh, ., t,s;h),ATEHSOX (b, s v, ., t, st h).

It appears from this formula that B depends smoothly on s, 4 and %, and is
uniformly elliptic as long as I'(s; &) is diffeomorphic to I'. It is convenient,
at this point to introduce the notations

L o, 550 = (55— AR) (X(uh, 0,554, 55 )
(3.14) 8}‘:93
T(w, 0,55 h)=5-(X(hu, o,s;5h),s;h)

Here, 0X/8s has an obvious meaning as an element of the tangent bundle of
r.
We look for a solution u of (2.2) with initial condition (3.1) of the form

2.
(3.15) u(x,t;h)=v(A(x’—Zt’hl
Such a solution must satisfy the equation

dv 9% ov | ., 9v
B - S +hLS (T-v—Bv+6—s>+¢(v)—0'

As usual, the notation T -v denotes the action of the vector field 7 on v.

,Z(x, h%t; h), t, h*t; h).

(3.16)

3.3. Setting up the asymptotic expansion. The functions v, A and X are
expanded in powers of 4 as:

(3.17) v(u, 0,8, 550~y v (0,8, S,
jz20

A(x,s3h) ~ Y N (x,s)h/,
j20
E(x,s5h)~) E(x,s)h.

j20

(3.18)
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Whenever necessary, A’/ (respectively, £/) will be identified to a vector field,
i.e., an operator of derivation in the A (respectively, o) variable. In such case,
we shall write A/. (respectively, ¥/-).
We shall make use of the following auxiliary expansions
X(A,0,s;h)~> X/(A,0,s)h,
j20
Lu,0,s;h)~ ELj(u, g, sk,
i>0
(3.19) { = .
T(u,0,s;h)~ ZT’(,u, o, sh',
Jj20

B(u,s; h)~Y Bli(u,s)h.

\ j>0

All the operators B/(s) are second order partial differential operators over I’
with smooth coefficients. In particular, they are all dominated by B = B%(0) =
AT,
If convenient we shall write
v or v(h) in place of v(., ., ., .; h),
A or A(h) in place of A(., .; k), etc.

To write the equations for v/, A/, etc., we shall treat the slow time variable
s = h?t and the fast time variable ¢ as independent quantities. This formal
procedure, which is a standard feature of multiscale expansions, will be justified
by the results of §4.

Using the expansions for v(h), L(h), S(h), T(h) and formula (3.19), we
obtain the equation satisfied by the kth order term of the development of v (k)
as follows. The operator 4 on L?(R) has been defined at (1.6); we denote by
IT the orthogonal projection on ker 4 =R6.

Initially, I'(0; ) =T for all 4 ; therefore, A(x, 0; h) = Ag(x). It is natu-
ral to take S(o, 0; h) independent of 4, and we will make this assumption.

For k =0 the equation is

(3.20) %vo - ‘?;—:20 +$(v?) =0
with initial condition
(3.21) vO(u, 0,0, s) =06
while for k > 1 the equation is
(3.22) s ket o i

((% +A) vk = —{ags + ,Z_; avaﬂ L

k-2
+ ) (T7 ok =I=2 4 Bivk=i=2) L W (o0, ., 'v"")}
=0

with initial condition
(3.23) v8(u,0,0,5)=0.
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Let us consider first the equation for v°. With the initial condition (3.21),
O(u) is a solution, so that, by uniqueness:
V(u,0,t,s)=06(u).
The next equation reads

0 000
(E'l'A)’U = 6,uL’

where
0 dA° 0) (y0
L°(u,0,s)= 5 —AA" ) (X°(0, g, 5), $).
To obtain a bounded solution for all ¢ > 0, we require
(3.24) (I-MP'=0
that is

0
[() ron=o

or, since L9 is independent of u:

(% —A) A°(X°(0,a,s5),5)=0,

A%x, 0) = Ag(x) for x e TI,.

Observe that this partial differential equation holds only over some unknown
submanifold of RV, denoted henceforth as

Io%s)={x eRY/A%x) =0} = {X%0, 0,s)/0 T}

The initial condition is I'°(0) = I'y. Equation (3.25) is certainly insufficient to
solve for A?. We couple (3.25) with the constraint

(3.26) [VA%(x, s)| =1, VxeZ?s),Vs,

which is but the lowest order term of (3.9). ‘

We have seen in the introduction that (3.24)-(3.26) describes motion by
mean curvature of the hypersurface I'%(s) , parameterized by ¢ — X°(0, a7, s).
According to the discussion of subsection 1.2, the motion by mean curvature
has a smooth solution locally in time, i.e., for s < T . From now on, we shall
fix T* to be any positive number strictly less than Tgng .

By Lemma 3.3 we know that the parametrization of I'%(s) = I'(s; 0) by T’
is fixed. As a consequence of the same lemma is that we can determine ¥/ and
X/ in terms of A* (for k < j)and X*, ¥ (for k< j-1):

Lemma 3.4. There is a matrix G with smooth coefficients depending only on X°
and its derivatives such that

(3.25)

X/ L
3.27 el J Jj
( ) 35 GX' +Q
where Q) is polynomial in A" for n < j and its derivatives and in X", " for

n < j—1 and their derivatives.
Proof. Let o, ...0n_; be local coordinates on I'. The parallelism relation
(3.10) can be translated into

oX o0X
W(l,a,s,h)m(l,a’,s,h)—O, Vke{l,...N—l}.
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We differentiate j times this relation with respect to 4 and we obtain
0X/9Xx% 9Xx°0x/ j
50k 95 | ok Bs + =0,

where Q,{ is polynomial in the X”’s and their derivatives for n < j — 1.
On the other hand, differentiating j times with respect to 4 gives

(3.28)

(3.29) X433 X sl +0i-

where Q/ is polynomial in A” for n < j and its space derivatives, and in X"
and X" for n < j— 1 and their derivatives.
We differentiate (3.29) with respect to ¢” and obtain

Zax )] aQi

dak 80'" Ba'" =0.

60"' Zaaka m

We multiply this relation scalarly by (0X°/ds) and with the help of (3.29) we
get the relation

8XJ 9X° _ 8Q; 8X°

(3.30) “3s dam Zaakaa"' o™ Os

-0,

because (0X°/80%)(0X°/0s) vanishes.
On the other hand, we differentiate (3.29) with respect to s and multiply
scalarly by (0X°/84) ; since (0X°/d0%)(8X°/04) vanishes, this yields

8X’ 8 X° Z:aZX ;. 00} ax°

ds 04 5okas >kt 35 o1 — O

(3.31)

Relations (3.29) for Kk = 1 to N — 1 are a system of N equations in the
N — 1 unknowns Z" This system is of rank N —1 because the N — 1 vectors

(0X°/80%), ;< y_, are linearly independent. Therefore

(3.32) (Zi)lskSN-—l = F(Q' + X)

where F is a matrix with smooth coefficients depending only on X°. Together
with (3.32), (3.30), (3.31) can be written in the form (3.27), where 3/ depends
only on the X"’s and their space derivatives for n < j — 1, the A"’s and
their space derivatives for n < j, and G is a matrix with smooth coefficients
depending only on X° and its first derivatives. O

Corollary 3.5. If X", X" (n<j—1) and A* (n < j) are smooth, then X/
and ¥ are smooth.

Proof. Recall that X J(0,0,0) = 0. Then we integrate (3.27), and it is clear
from (3.32) that ¥/ is smooth. O

Once (3.24)-(3.26) is solved, the equation for v, reads

0
(6t+A) =0,
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which together with the initial condition v!(ux, o, 0, s) = 0 implies v! = 0.
As a consequence, ¥* depends only on v°, ..., v*~2 for k > 2, since the
only a € 4; having a (k — 1)th nonzero entry is (1,0,...,0,1,0). From
now on, we define

(3.27) WO, w2, ..., v*) = PR @0, 0,02, ..., v*2, vkl

To solve the kth equation for k > 1 the procedure is similar: define —P* as
the right-hand side of (3.22), namely

Pk = Z a”k_j N Z (77 - vk=i=2 4 Bivk=i=2)
(3.28) j=0
+ Pk (vo, e v"‘z) +61(;_’;2'

As L° vanishes, P* does not involve L¥. Therefore P¥ depends on v/,
dv//ou, B', T/ only for j,/<k-2,and L/ for j<k-1.

3.4. The recursion algorithm: equations for the A/’s. We need to understand
the L!’sin terms of the A/’s and other slow quantities. The relevant informa-
tion is contained in Lemma 3.6. We need a definition: the trace of the third
fundamental form of I'°(s), or equivalently of the square of the Weingarten
map, is denoted C(a, s); it is given by

(3.29) Clo,s) = Zx2(a s),

where (kj)i1<j<n-1 denotes the scalar curvatures at the point ¢ and at the time
s.

Lemma 3.6. Forany [ > 1,
(330 Lwo.s)= (5 -4-C(0.9) Ax,9)+ Qh(u. 7.5),

where Q) is polynomial with respect to u and with respect to NV, T/, X/
(and their derivatives in x and s, x, A respectively) for j <I1—-1, and x is
evaluated on TO(s).

Proof. Let us define
o

M(x,s; h)= [(a—A)A] (x,s;h),

Mi(x,s)= [(% —A) Af] (x,5).

We have
Lp,0,s5h)=MX(hu,0,5s;h),s;h).

To calculate the successive derivatives of L with respect to 4, we shall apply
Lemma 3.2:

1
L= a—,(u, o, 53 h)|,_, =M (X°0, 0,5),s)

+ZCPZaPl p)|D|a|M1—P®(ahj (hu, o h)

p=1 a€Ap

)®aj
=0
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Let us define Q) by
(3.31) L'(u,0,s5)=MX%0,0,s),s)+Ql.

To obtain a more explicit expression of Q’ we calculate
BJ‘SX
S Jj—
Z Cisl st
Careful attention to the indices shows that

(3.32) 0l =vMXx! + @,

where Q) depends polynomially on X7, M7 (and their respective derivatives
in x and A) only for ¢ </—1. Then
aX0

1 _ _ 1
(3.33) X' = - A+ 0,

where Qg is a sum of differential monomials of the form
AR @A QI Q.- @ XIn. X*

where p;+---+p,+q1+---+qm+k < 1,and k < /-1. Here the symbols A? and
2% denote differential operators respectively in 4 and o ; the tensor product
of the A? ’s has a clear meaning because it differentiates in one dimension; the
tensor product of the X% ’s understates the covariant structure of I'%(s) defined
by the obvious Riemannian connection on I'%(s) induced by the metric of RY .

Relation (3.33) follows simply by differentiating (3.10) / times with respect
to h and taking its valueat n=0. O

1D ¢
hi

Denote by v(c,s) the exterior unit normal at time s to I'%(s); then by
construction (see subsection 3.2)

X%, 0,5 =X%0,0,s)+Av(a, )
and
0

(3.34) 31
From (3.31), (3.33), (3.34) we conclude
L' = M —VA'VMOA! + Q)
where Q{) has the required property; recalling the definition of M?:
L'= (8, —A) A = [VAOVMOIA! + Q).
To compute VA’V MO = VAV (8/8s — A) A°, observe that
i}

10
Op\0_109 02 _
BsA 28sIVAI

as to —VA’VAA?, this term can be written as

VAL
_ 0 S A0 AD
Zax, (ax]VA VA ) +;

—X%4,0,s)=v(g,s)=VAY0, g, s).

VAV

_y aVA°|?
OXj - ; 6x,~
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The last expression is equal to the sum C(a, s) of the squares of the principal
curvatures of I'(s), as a direct calculation in local coordinates can show. 0O

A consequence of the above result is that we can write
0

(3.35) Pr=0(=—A-C(a,s)| A1 + Pk,
os 1

where P} depends only on quantities v/, A/, etc. of order j < k —2. An
orthogonality condition similar to (3.23) will lead to a partial differential equa-
tion on T'9(s), as will be shown in subsection 3.4 below; as at order 0, this is
not enough to solve for A!. Therefore, one needs the analogue of (3.25): this
is simply the term of order / of (3.11) squared, i.e.

/
(3.36) S VATPYA? =0 on 77s).

p=0
The next lemma ensures the unique solvability of equations of the form

(3-A—C(a,s)) Al(x,s)=R\(x,s),

(3.37) ds

vx e %s), ¥s € [0, T*];

(3.38)  (VA'VAY(x,s)=R!(x,s), V¥xeT%s), Vsel0, T*];
(3.39) A(x,0)=0, VxeTl,.

Lemma 3.7. Problem (3.37), (3.38), (3.39) is equivalent to a linear uniformly
parabolic problem on T x [0, T*], with smooth coefficients depending on s and
o . Therefore, it admits a unique solution whenever R', R are sufficiently regular
functions.

Proof. Let
Gl(l’ ag, S) = AI(XO(A’ g, S) ’ S) - AI(XO(Oa g, S)’ S).
Then, we use (3.38) to see that

aG' I/ v0 X0

W(}', g, S) = VA (X ('ls ag, S)’ S)W(Os ag, S)
= VA'(X°(4, 0, 5), )VA°(X°(L, 0, 5)., 5)
=R(X°4,0,s),s)

and it is clear that G’ is completely determined by
i
G'(A, 0, s) =/ RO, 0, s),s)dx.
0

Let
F(g,s)=A,0,5)-G'A,a,s).
If we substitute in (3.37) the decomposition A/ = F! + G', we obtain

9 _ L0 — T I
(3.40) (6s B(0, s 0) C)F—R (as A C)G.
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Here, of course, B(0, s; 0) is the pull-back of AT'® to I" via X°(0,...,s),
which is clearly a uniformly elliptic operator for s < T*.

With the initial condition (3.39), (3.40) possesses a unique solution. This
can be proved by appealing to results on elliptic operators on manifolds (see
for instance [Gi] or [Jo]) and the theorem of Kato and Tanabe on the solu-
tion of evolution equation with variable coefficients [KaTa], or alternatively the
variational approach of Lions [Li]. O

3.5. The recursion algorithm: equations for the v’/’s. As we have seen, P*
contains an operator acting on A*~! plus other terms containing v/ (for j <
k —2). Therefore, P/ depends on the fast time variable ¢. Requiring, as we
did in case k = 1 (see (3.23)), that P* be orthogonal to § would lead to an
equation for A¥~! with source terms depending on the fast time variable. To
circumvent this difficulty, we define the secular part of v¥ as

(3.41) ok(u, a,s) = lim vi(u,o,t,s),
—00

provided that this limit exists. Let Il be the orthogonal projection on 6R in
L%(R), and let

sk—2 k=1 gap_j 1 k-2
k0D 1ok

G4y L "Tas * Z:O o U+ g(T’ - 9%~I72 4 BIgk=I72)
+¥@°, ..., 0%2).

We shall require that

(3.43) : ek =o,

and we shall show in §4 that this weaker requirement ensures that v* is bounded
in suitable functional spaces, for all ¢ > 0.

The only term involving L¥~! in P* is §Lk~!, because v° =9 = 6. We
have seen at Lemma 3.7 that

Lk-1 = (g——A—C(a,s)) Ak-1 + Qk 1.
§ x€I0(s)
Let
(3.44) Pe—pk_g (ai ~A-Clo, s)) Ak-1
o x€I0(s)
Then (3.43) is equivalent to
pk
(3.45) (ai —A-C(o, s)) G __F 0’2‘9) ,
§ x€r'%(s) I |2
and simultaneously we impose
k—2

(3.46) VAK=1yA0 = -% S VAEPTIYA? on 770(s),

p=1

(3.47) A*1(,,0)=0 onT.



1558 PIERO DE MOTTONI AND MICHELLE SCHATZMAN

Finally, we define v¥ as the solution of

8, + A) vk = — Pk,
(3.48) @ +4)v
vk(u,a,0,s)=0.

According to Lemma 3.7, the system (3.45), (3.46), (3.47) possesses a unique
solution for s < T*, provided that the right-hand side is known. But, by
definition, P¥ depends only on ¢/, L/, B/ and T/ for j < k — 2; therefore,
the resolution of (3.45), (3.46), (3.47) and (3.48) for all k£ will be possible
inductively, at least at the formal level.

As mentioned in the Introduction, v2 does not vanish in general; in fact, we
can apply the results of this section to obtain

(3.49) Al =0, (% + A) v2 = C(o, s)ub(n).

Unless I'%(s) is flat at some point, there is a second term in the expansion.

4. ESTIMATES ON THE ASYMPTOTIC EXPANSION

It is our purpose now to establish estimates in L2(R) and pointwise es-
timates on v* and its derivatives B®92vk/ds® and B9tlvk/9s2ou.
The hilbertian estimates will enable us to see that the expansion is, indeed,
asymptotic, namely that the v* and all their derivatives in the tangential vari-
ables ¢ and s are bounded in L*°(R) uniformly with respectto y,o,¢,s €
R x I x R* x [0, T*] (subsection 4.1) ’

In subsection 4.2, we consider first the following auxiliary problem: let f(x,?)
decrease exponentially to zero as |x| tends to infinity, uniformly in time, and
let v be the solution of dv/dt + Av = f, where A was defined at (1.7). If
we assume that |v(., f)|.2g) is bounded independently of time, we show that
v(x, t) decreases exponentially to 0 as |x| tends to infinity, uniformly in time.

Then we use this result to show that all the v* and their tangential derivatives
decrease to O as |u| tends to infinity, uniformly with respect to (o, ¢, s) €
I'xR* x[0, T*]. Hence, we may extend the asymptotic expansion of u, which
is defined only in a tubular neighborhood of I'’(s) into a smooth function
defined over all of RV for ¢t < T*h~2.

Finally, in subsection 4.3, we estimate in L?(R") and in L>(R") the re-

mainder
0

phh = (E —A) uth + "),

where 19" is the asymptotic expansion with g terms.

4.1. First estimates over A*, ¥, v and their derivatives in ¢ and s. The
construction algorithm for the Ak, ¥ and v* has been described in subsec-
tions 3.3 to 3.5. We shall need more information on the operator A4: let II
be the orthogonal projection in L2(R) on R@, and let the operator 4; be the
restriction of 4 to (ker A)* = ker I1. There is a strictly positive constant @
such that the operator norms of Al'l and of exp(—tA4;) in L?(R) are bounded
as follows:

(4.1) |47 <@ and |lexp(—t4))| < e, Vi>0.
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Moreover, there is a constant C such that

e—wt
\/i s

Theorem 4.1. Let A*, ¥ and vk be constructed as in subsections 3.3 to 3.5.

Then, the following conditions hold for all j:

(4.2) 14} exp(—t4y)| < C t>0.

(4.3); N is of class C* over 77°(s) x [0, T*];
(4.4); ¥/ is of class C* over 7°%(s) x [0, T*];
oxvJ outlyl
— 2 Qay [e 3]
4.5); Vo= (o1, @) €N, B o and B o os
are bounded in L®(I" x R* x [0, T*]; L*(R));
(4.6);
Vo = (o), az) € N2, there exist constants yi < w and Cj(a) such that
oxvJ gartlyl
ayp — " Qg < . .
B Bsa (u,0,t,5)|+|B 9504 (u,0,t,s)| <Cjla)exp(y|u]),

Y(u,o,t,5) e RxT'xR* x [0, T*].

Proof. The proof is by induction. For j = 0, (4.5)¢ and (4.6) ¢ hold thanks
to the results about motion by mean curvature; as v® = 6 and v! =0, (4.5);
and (4.6); are satisfied trivially for j =0 or 1.

Assume that (4.5); and (4.6); hold for all j < k — 2 and that (4.5); and
(4.6); hold for all j < k— 1. The induction hypothesis implies that the source
terms in (3.45) and (3.46) are smooth. It follows from Lemma 3.7 that system
(3.45), (3.46), and (3.47) has a smooth solution on Z%(s) x [0, T*]. We can
use now Corollary 3.5 to see that T¥~! is smooth over Z(s) x [0, T*].

Let us prove now that (4.5) , and (4.6) ; hold. Define % by

(4.7) (8, + Ak = P*, vk(u,5,0,5)=0.

The orthogonality condition (3.43) implies that 9%(¢) is orthogonal to 6 for
all ¢; moreover, the source term in (4.7) does not depend on ¢, and (4.7) can
be integrated readily as

o*(t) = —A47 " (1 - exp(—t4,)) P¥.
Assumptions (4.3);, (4.4);, (4.5); for j <k —1 imply that PX(., o, ¢,s) is
bounded in L?(R), uniformly with respect to o, ¢t and s. Therefore, it follows
from (4.1) that % is bounded in L?(R), uniformly with respect to o, ¢ and
s.

Let us prove now that v* is bounded in L2(R), uniformly with respect to
o,t and s. We subtract (4.7) from (3.48) and obtain

(8, + A)(v* — oK) = Pk — P
(wk — %) (u,0,0,5)=0,
whose solution is given by

(4.8) (vk—%)(r) = / t II(P* — PX)(¢') dt + / t exp(—(t—1t)A4,)(P*— P (¢ dt.
0 0
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The induction hypotheses (4.3);, (4.4);, (4.5); and (4.6); for j < k -1
imply that P¥ — P* is bounded in L2?(R), uniformly with respect to o, ¢ and
s. Thanks to (4.1), we can see that the second integral in (4.8) is bounded for
all time ¢.

Therefore, we have only to estimate the first integral in (4.8), namely

t
(4.9) /0 (B — Pr)(¢) dt'.

Thanks to Sobolev estimates and the induction hypothesis, the v/ ’s are bounded
for j<k—1 uniformlyin 4, 0,¢,s. As P* depends polynomially over the
v/ ’s and their derivatives for j < k — 2, there exists a 6%(0) > 0 such that

(4.10) |P*(., 0,5) - P*(., 0,1, )2 < Cexp(~13x(0)),

and we conclude immediately that (4.9) is bounded in L2(R), uniformly with
respectto o, ¢t and s.

Let us show now that dv*/du is bounded in L?(R), uniformly with respect
to o,t and s. We observe that for all u in H'(R),
avk

ou

thus, it is enough to study A'/2v*:

< C(142ulz + |ul2);
2

A2k (f) = - / IA:/Z exp (—(t — t)4,) (I - I P*(¢") dt'.
0

Recalling property (4.2) of A;, we can see that A!/2v*(¢) is bounded in L%(R),
uniformly with respect to o,t and s. In particular, v* is bounded in
LR xT xRt x [0, T*]).

To show that v* converges in L?(R) exponentially in time to a certain limit
9%, as ¢ tends to infinity, we decompose vX(f) on RO and its orthogonal
subspace:

t t
(4.11)  v*@)=- / exp(—A; (¢t - ) (I - I P*(¢)dt + / Pk () dt'.
0 0
The first integral in (4.11) is rewritten as folllows:
t
/ exp(=Ay(t — 1)) (I - I)P*()d?'
0

+f exp(—di (¢ - £))(1~ TO(P*(¢) — PH)dr’
= A7 (I—exp(—412)) (I - IT) Pk
+ [ exp(—Ai(t — )T~ T(PK(¢) — Pyat

= A7'(I - M) P* + remainder,

We deduce from the induction hypotheses that there exists a constant J;(0)
such that R

sup|P¥(., 0,t) - P*(., 0,t, 5)|2 < Cexp(—t6(0)).

g,s
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This 6 (0) is the minimum of a finite collection of y;(a), where j runs between
0 and k-1, and the multiindices o are determined in terms of the dimension
N —1 of T through Sobolev estimates. Then the L2 norm of the remainder
is estimated by '

exp(—dx(0)?) — exp(—wt)
w — d(0)

The second integral in (4.11) can be rewritten as

C (exp(—wt) + ) < Cexp(—d(0)2).

/ t I[P (¢') — P*)d?,
0

which trivially converges as ¢ tends to infinity; moreover,

exp(—dx(0)?)
o(0) -

/ ” I[P*(¢') — P*)d¢
t

< / Cexp(-8,(0)¢)df' = C
t

Therefore, v* converges exponentially in ¢ in L?(R), uniformly with respect
to o and s, and its limit is

ok = — A7 (1—TI)P* — / TP (¢ dt'.
0
We apply the same type of argument to A!/2vk:
t
— A2k () = / A exp(—Ay(t — ) (1 - ) PK(¢') dY’
0
_ [ 4 ex (—4y(t = ¢))(1 - T P*(¢")dt'
- 0 1 p 1
t
(4.12) + /0 A2 exp(— Ay (¢ - 1)) (1 - I)(P¥(¢') — PF)adr
= A7 (1 - exp(—4,t)) (1 - ) P*
t
+ / A exp(—A4;(t — 1)) (1 - T)(P*(¢') — P)dr
0

= A7"*(1 - 11)P* + remainder.

The remainder is estimated by

C (exp(—a)t) + /’ exp(—w(t -t)+ 5k(0)t/) dt’) < Cexp(—é’t) ,
0

Ve-t

where &' is any strictly positive number which is strictly smaller than d;(0).
Let us consider now B*9*v//ds* . As a consequence of the induction
hypotheses, there exists a d;(a) such that

aryyJ
‘9(9;1’2 (P*(.,0,5) =P, 0,1,5))

(4.13) B~ < Cexp(—tdx(a)),

2

The constant J () is similar to the constant d;(0) : it is an minimum of a finite
collection of y,(B), where j < k—1 and B runs in a finite set of multiindices
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depending upon N — 1, the dimension of T'. As B*9*v//ds* commutes
with A, for all a, we may write

b} _9myl 9oyl
—_ ay — B k
(8t + A) B s B 95 P,

and apply the same arguments as above. This proves the desired estimates. 0O

4.2. Pointwise estimates of v¥ and its derivatives. In this section, we prove
the following result:

Theorem 4.2. For all j > 0, and all a = (o, @) € N2, there exist constants
vi(a) > 0 and Cj(a) such that for all (u,0,t,s) € RxT xR* x [0, T*] the
following inequality holds
(4.14)
o2y’
Osx

Ba‘6a2+11)j
0520 u

ay

(m,0,t,5)|+ (u,0,t,5)| < Cj(a)exp(—7j(a)|ul).

The proof is in several steps, and uses precise analytical results on the fun-
damental solution of
ot 0x?
where Z is a bounded function over R. They look very much like the results of

Friedman [Fr] who, however, does not prove estimates in unbounded domains
for large times. We recall the notation

(4.15) ~Z(x)v =0,

- ! Ixf?
(x, t) = mexp —7

for the fundamental solution of the heat equation, and we observe that the
fundamental solution of (4.15) is invariant by translations in time.

Lemma 4.3. Let Z be a bounded function over R, and let ¥ (x,y,t) be the
fundamental solution of (4.15). Then

(4.16) IF(x,y, ) <&x -y, t)exp(t|Z]|),
and for all k¥ > 0, there exists a constant K such that
0F K
(4.17) ax | < W%’(x—y, t(1 +x))exp(t(|Z|oo + K)).

Proof. We proceed along the lines of [Fr, Chapter 1], and use the parametrix
method of E. E. Levi: we look for an % of the form

(4.18) F(x,y,1)=&(x, —y,t)+/0t/8’(x—n,t—r)‘l’(n,y,r)dndf-

The fundamental solution satisfies (4.15), with y as a parameter. According
to [Fr] and the functional justification given therein, ¥ satisfies the integral
equation

(4.19)

'i'(x,y,t)=Z(x>8’(x—y,t>+/0'/2(x)8’<x—n,t—r)%;,y,z)dndz.
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Let
Y(x,y,0)=Z(x)&(x -y, 1),
ey 0= [ [Z00F 0 n. -0 ¥uln, v, D dnde
It is proved in [Fr] that the series

(4.21) Y(x,y, 0= ¥(x,y,1)
k>0

(4.20)

converges and estimates on bounded time intervals are given therein. For later
purposes, we have to know precisely how these estimates increase in time. The
following inequality holds

£k
(4.22) ¥e(x, v, DI S IZIF'E(x =y, )5

This relation is clear for k = 0; assume that it is true at order k; then, at
order k+1,

t
422) Wen(x,3, 01< [ [1Z0018 G-, =01ZIE'E -y, 05 L dnds.
The following identity expresses the semigroup property of the heat equation:
(4.23)
/g(x—n, Em-y,)dn=&x-n,t1+t), V4,>0,Vx,y€eR.

Therefore, the right-hand side of (4 22) is estimated by
tk+l

k+2 k+2
|IZ|5H&(x -y, t)/ vl dt=|Z|"*&(x -y, t)(k+l)
This proves (4.22). From (4.21) we deduce that
[¥(x, ¥, ) < |Z|o exp(t|Z]e0) & (x — ¥, ).
This relation and (4.18) imply the first estimate (4.16).

To prove the second estimate, we observe that for all ¥ > 0, there exists a
constant K such that

o0& K
(4.24 5 x| < 2
We differentiate (4.18) with respect to x:
(4.25) %( , Y, t)—ag(x -y, t)+//(9 (x—-n,t—-1)¥(n,y, 1)dndr.

Therefore, to obtain an estimate over 0, , it suffices to estimate

(4.26) / /

From (4.22), (4.23), and (4.24), we can see that (4.26) is estimated by

Ex-y, (l+xt)K\/1+x|Z|"+1/

&(x, (1+K)1).

(x-n,t-10)||¥(n,y, 1)|dndr.

k'\/—
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We calculate the above time integral using the Euler functions B and I':

/ PR s / bk B2, k+1) _ HT(1/2)
k'\/t—‘l' - \/l—t' - k' B F(k+3/2)

We obtain a first estimate for 0, :
(4.27)

AF (x,y, K(1 Z]oo) !
' (;xy ’)'s (\/";"‘)g(x—y,(l+rc))(1+F(1/2)’§)%)

Consider the function

~ r(1/2)z
8(2) = l+zl‘(k+ 1/2)

Stirling’s formula implies that

'k+1) ~ K12
I'tk+1/2)
Thus, for all x, there is a constant K’ > 1 such that
r(/2)rk+1)
I'k+1/2)

Hence, the estimate relative to g:
lg(z)| < K'exp((1+k)|z[), VzeC,

as k — oo.

<K'(1+x)k, Vk>1.

and therefore

‘69(;;}’, 1) < K\/\I/;—Kg(x_y, (1 +’C)t)K’cxp(t|Z|oo(1 +K)),

which concludes the proof. O
We prove now a useful corollary:

Corollary 4.4. Let V be a bounded function over R; assume that there exists a
strictly positive number L such that V(x) > L, Vx € R. Then, the fundamental
solution &(x,y,t) of

(4.28) (O — Bex + V)u=0
satisfies the estimate
(4.29) I€(x,y, )| <exp(-LH)&(x -y, 1)

Moreover for all k > 0, there exists a K such that

@30 |Gy 0| < Dexn-L - 008 (x -y, 141,
where q = (|V]eo — L)/2L.
Proof . Let v
L+ |V|x
L' = —
and let

F(x,y,)=F(x,y, t)exp(L't).
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Then, # is the fundamental solution of
(0 —O8xx+V -L)Yw=0,
to which we may apply Lemma 4.3:
|F(x,y, )< E(x~y, t)exp(t|V — L'|eo),

07 K

= < = - - L' N

5| < \/ié’(x v, t(1+k))exp(t(1 +k)|V — L'|)

With our choice of L', |V — L'|,o — L' = —L, and going back to &, we obtain
the desired estimate. O

The next lemma gives sufficient conditions for exponential decrease with
respect to space of solutions of the parabolic equation

(4.31) n+Av=f, v(0)=0.

Lemma 4.5. Let us fix L = ¢'(1)/3, and assume that there exists y € (0, VL)
such that

(4.32) If(x, )] <e?™  vxeR,VteR*,
and that the solution of (4.31) satisfies the estimate

(4.33) /|v(x, HPdx <1, VieR".

Then, for all k > 0, there exists a constant C such that

(4.34) o, D]+ lvx(x, O] < Cexp(~(y - x)Ix]).

Proof. Let W = ¢'(©) ; we rewrite (4.31) as
V—VUnx+(W-L)yv+Lv=f+(W-L)_v.

Ifwelet V =L+ (W —L),, we may apply Corollary 4.4 to v, and we obtain
(4.35)

wx, 1) < /0 / e BE(x=y,5)[[f¥, t=5)|+(W=L)_p) |o(y, t-s)|| dv ds,

and
(4.36)

t
1
ve(x, t SK//—e‘(L(l"‘))ng— ,s(1+x
[vx(x, 2| ] 5 (x—y,s( )

< [f, t=8)+(W - L)-)|v(y, t - s)l] dyds.

We shall analyze (4.35) and (4.36) together. Denote s’ = s(1 + x), with
x > 0. From our assumptions,

[E0-y. 9000, 1=9)1dy < [8x -y, she 1y,
Let z be a solution of

Zi— Zxx =0, xXeR,t>0,

4.37
(437) z(x,0)=e "l xeR.
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A simple calculation shows that
exp(L't — y|x|)
L' —y2
is a supersolution for (4.37), provided that L’ > y2. Therefore,

/g(x -y, sl)e—y|y| dy < exp(L’s - ylxl)

— 2
Hence, if L' < L,
t
(4.38) / /e‘“é’(x =y, )If v, t—s)|dyds < Ce .
0
Similarly,
t
/ /e_(L(l—K))Ss—l/Zg(x -y, S(l + K))'f(y, t—S)ldde
(4.39)

“exp(L'(1 + K)s — y|x| — L(1 — k)s) _
< < 7lx|
< T -7 des Cen
if L'(1+x)<L(l1-k).

We turn to the piece of the integral in (4.36) involving v : with X > 0 such
that [- X, X] contains the (bounded) support of (W —L)_, by Cauchy-Schwarz
inequality and our assumptions we obtain

/ E(x—y, )W —L)- ), t-s)|dy

¥ 12
< (4ns')'/? ( / ; exp(—|x — y|*/2s") dy) :

We have two cases:

X 1/2
( [ ex(-bx —yi/2s) dy)

VX exp(—(|x| — X)?/4s’) if |x| > X +1,
| (4rs’)'/4 if x| < X+ 1.
Consider the first case. If |[x| > X +1 and a =0 or —1/2,

t
/ - / E(x—y, )W = L)-(p)lo(y, t - s)ls*e~E1=) gy g
0

2 a—1/2
<C/ exp( 1+XK)) —(L(l—x))s)\s/ﬁds
. x| —

2\/(L(l - (1 +K)
Then, with the change of variable s = s*r,

/otexp (-% —(L(1 - x))s) ;;:_:__/ixds
< (s* l)a;:/ ra_l/Zexp[ »* (,_,_ %)] dr,

Let
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where
1 L(1-k)
=3 (K=Y T

By asymptotics for Laplace integrals, as y* tends to infinity

/ ra=1/2 exp [—y" (r+ 1)] dr ~ ’ll*exp(—Zy*).
0 r y

In particular, for all small enough x, there exists a constant C such that for
x| > X +1

I | X)Z sa—1/2
/oexp( T (L(l—x))s)mds

(4.40)
< Cexp (—<|x|—X) - ")),

1+k

we recall that < 0.
In the second case (|x| < X + 1), we can see that

(4.40) /oo exp(—(L(1 - k))s)s*~V4ds < C,
0

where C is bounded for all small enough « .
If we put together (4.40) and (4.41), we can see that

t
/0 / E(x -y, )W -L)-0)w©, 1 - s)le™" dyds
< Cexp(-|x|VL), Vx€eR,VteR*,

(4.42)
and
(4.43)
t
| [&G-y.st+0)# - D_0)low, 1 e =512 ay ds
0

L(1
< Cexp (—(IxI—X) Aox

Putting together (4.38), (4.39), (4.42) and (4.43), we obtain (4.34), and the
lemma is proved. O

)) , VxeR,VteRt,

We may see that this lemma is of a general nature and is easily generalized
to the N-dimensional case. '

Proof of Theorem 4.2. The proof is by induction, and it is an immediate ap-
plication of Lemma 4.5 and Lemma 4.1 to (4.13): indeed, P° = P! = 0 and
P2 =C(—0, s5)0(u) (see (3.49)) where 6(u) decays exponentially by (1.6). O

4.3. Remainder estimates. Let ¢ > 0 and define for x € Z70(s)

a9 q—1,h 24, :
ah(x, 0= hivi (A (’;l’ h7t; h) ,Z972:h(x W2ty h), ke, t)
Jj=0

with

q q
ATh(x, )= WA (x,s), Z0hx,s;h)=) WI(x,s),
pars j=0



1568 PIERO DE MOTTONI AND MICHELLE SCHATZMAN

where v/, A/ are determined according to the algorithm described in the pre-
vious section.
The remainder 9" is defined by

(4.44) proh= (- a) st v glas
Lemma 4.6. For every q > 1, there exists a constant C depending on q and
the initial data Ty such that

44 “h(x, 1) < ChI*.
(4.45) Jaax, 1p%*(x, )] < Ch
and
1/2
(4.46) ( / lﬁ"’h|2dx) < ChiiP,
7°%(s)

Proof. Denote by X9:" the expansion of T with ¢ terms, X?9:# the inverse

diffeomorphism, and L?-* the analogue of L, with A and X respectively

replaced by A% and X?-*. Clearly, L?:" coincides with the expansion of L

up to order ¢ . Similarly, B4:* and T9%:% are defined from X9:* and A?-%.
Then,

a . fovi 92w v/
Z ~q,h_§: J\Z= _Z 7 q-1,hZ7"
(Bt A)“ ,=0h lau ou? +hL ou

+h? (T"“"' cvl — BIThhyd 4 %)]
ds

q 2 1

ov/  0%v/ i ov/
E : — - + hLI-I-LhZ
j [ ou  ou? ou

+ B2 (T‘H-Z’h — priahyi 4 2V )l
as

+O0(h**h),

where O(h?+!) is uniform in s € [0, T*], h € [0, h*] and x € Z%(s), because
. . ov/
J(ra-h _ ya—-j-1,m\27" _ q
h/(L L )6/1 O(h?)

with similar estimates for the other differences; they are an immediate conse-
quence of Theorem 4.1. It follows from (3.6) and (3.28) that

(4.47)

0
= T 9:h
(at A)u + @(a9-")

= —[¢p(v°) + K¢ (VO)v? + - + h9 (¢ (VO)v? + (0O, ... , vI71))]

+¢ (zq: h"v") + O(h?*1)

k=0

h=0
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udh=gah

/ 00 ////

FIGURE 4.1. Patching u?-# with +1 in a smooth fash-

0on
By definition,
i q
¢ (WO + W (0, ..., v = j!d—J. > hkok
’ ’ dh’ k=0 h=0

and Taylor formula with integral remainder shows that
(% —A) a9-h 4 ¢(ﬂ"’h) = O(hq“),

where once again, O(h9*!) is uniform in s € [0, T*], A € [0, #*] and x €
7°0(s) . Thus, we have obtained (4.45).

Let J be the Jacobian of the transformation (A, g) — X?:#(A, g, s). Then,
if ﬁ‘{’" denotes 9% in coordinates (A, o), we can write

. A/h
/ P e, P dx = [ |8Hu, o, 1T wh, o)l hdudo
[A9-A(x,5)|<A : —A/h
= 0(h2q+3).
The conclusion is clear. 0O

We now extend i9-* to all of R¥ by using an appropriate partition of unity.
Let w be a smooth even function over R such that

(4.49) o(x) = { 1 if|x| <1/2,

0< 1,vVx eR.
0 if|x|>1, sox)<l,¥xe
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We let

(4.50) ui" =w (ﬁ)(:_g) a9k (x, )+ (1 ) (W)) sgn(A%x, s)) .
The remainder relative to u4-" is

(4.51) phh = (%—A) ul:h + p(u?h).

For this global expansion in space, the following result holds:

Theorem 4.6. For every q > 1, there exists a constant C depending on q, and
the initial data T'y such that

(4.52) sup |p?"(x, t)] < Ch*!
and

1/2
(4.53) ( / |p"’h|2dx) < Che+I2,

Proof. It is enough to observe that the difference between wp?:* and p?-*
contains derivatives of v/, for j < g — 1, which are at most of order 1 with
respect to any of the variables 4, o and s. Moreover, Theorem 4.2 shows that
this difference has its support in a set where these derivatives are O(e~C/%).
the conclusion is clear. O

5. SPECTRAL ESTIMATES

Throughout this section, the time dependence is understated. Let I" be a
compact smooth manifold of dimension N — 1 embedded in RY . We define
the diffeomorphism Y, the normal coordinate A and the tangential coordinate
S as in subsection 3.2; the latter are smooth on some tubular neighborhood
7°[A] of T, where for r € (0, 1] we define Z[r] of thickness 2r by

(5.1) 7[r] = {x e RV /|A(x)| < r}.

FIGURE 5.1. The potential V" in a neighbourhood of I'
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Define a potential
(5.2) Vh(x) = ¢'(u®"(x)).
where u9-" has been defined at (4.50). Let &/” be the selfadjoint operator in
L?(RV) determined by
(5.3) D&M = HXRY); &' =—h*Av + V.
The lower bound of the spectrum of &# is denoted x”. In this section, we
prove the following result:

Theorem 5.1. There exist nonnegative constants C and h* depending only on
T such that the lower bound of the spectrum of /" is larger than or equal
to —Ch?, for all h < h*. The same result holds true if one replaces, in the
definition of the potential V", the function u®-* with any patched higher order
approximation ui:", ¢ >0.

5.1. Strategy of proof and first bounds. The proof of Theorem 5.1 takes all
the present section. Let us sketch its strategy. We associate to %% a Rayleigh
quotient, defined for y € H'(R") and y #0:

[{R|Vy? + V"y?}dx

hry] —
(5.4) R'y] = EE
According to general results,
5.5 k = inf R*[y].
(5.5) X" =inf R'[y]

This x" is an eigenvalue of .&/# (see below), but it is not isolated in the spec-
trum of &* uniformly with respect to 4 because the tangential modes of &/*
are only an O(h?) apart. We compare the Rayleigh quotient R* over RV to
the Rayleigh quotient of the restriction of %" to the thin neighborhood 7 [V']
with Neumann conditions. The comparison is made possible by the estimates
of subsection 5.2. The eigenvalue problem for &% |17[ v With Neumann con-
ditions is almost decoupled in the tangential and normal variables; moreover,
to obtain a lower bound, we restrict ourselves to the normal modes, that is to
a family of one-dimensional Neumann problems on [-v%, VA]. A stretching
of variables leads to a family of Neumann problems which are very close to
0z L §@)z=1
“a2 +¢'(B)z =12z
on the line (subsection 5.3). This allows to show that the lowest eigenvalue of the
one-dimensional Neumann problem is isolated uniformly in 4. To conclude,
we give an approximate eigenvalue of this one dimensional Neumann problem
to O(h?), we apply a classical perturbation result for eigenvalues of selfadjoint
operators and we take an infimum over I' of the bounds of the spectra of all
normal operators.
Let w be as in (4.49), and define

(5.6) ©" (1) = w(hu/3)8(u) + 1 — w(hu/2)] sgn p.

Then .
uh(x) = e (%) .
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x (] (n,0

FIGURE 5.2. Change of variables

It is convenient to introduce
d_e"
du’
We start with some very simple bounds on x”
Lemma 5.2. Let x" be the lower bound of the spectrum of /" . Then,

(5.8) limsup x” < 0.
h—0

(5.7) 6" =

Moreover, x" is a simple eigenvalue of /", the corresponding eigenspace is
spanned by a nonnegative normalized eigenfunction (", and

(5.9) Vh>0, x">¢(0).

Proof. We know that the lower bound of the spectrum of &/* is given by (5.5).
To prove (5.8) it is sufficient to exhibit a function y* € H' (RV) such that

: hry,h —
i R =0

Let y*(x) = 6%(A(x)/h) . In the numerator of the Rayleigh quotient we perform
the successive changes of variables

(5100  xm (A=A®X), 0 = S(x)); (A,a)H(ﬂ=%,a).
The Jacobian of the first change of variables is denoted J(4, ) ; we obtain

[ (P19 + vieoteor) dx
i/h

[ Ll

For h =0, 6" = ©. Relation (1.19) and an integration by parts show that

/ [6/ (1) + ¢ (B(1))B()? s = / [~6" () + ¢/(©(1))0(w)] O(k) dpt = O.

(5.11) Joh P

(1)

+ ¢/ (8" (1))|6" (n) Iz] J(hu, o) dpdo.
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Hence, the limit as / tends to zero of the factor of 4 in the right hand side of
(5.11) vanishes, and the numerator of R*[y"] is o(h). On the other hand, the
denominator of R”[y*], after the changes of variable (5.10) becomes

A/h
(5.12) h// 16" ()27 (he, o) dudo.
rJ-i/n
As h tends to zero, (5.12) is equivalent to

h /R 0(u)? du /r J(0, ¢) do.

Therefore, (5.8) is proved.

Assumptions (1.1) imply that ¢’ is increasing over R* . In particular, ¢'(0) <
V* | which implies immediately that x* > ¢’(0). The limit as |x| tends to in-
finity of V*(x) is ¢'(x1) > 0, according to the assumptions on ¢. We know
from [Si] that the intersection of the spectrum of &% with (—oco, ¢’(1)) con-
sists only of isolated eigenvalues. For small enough 4, (5.8) implies x* < ¢/(1),
thus x” is an eigenvalue; let {* be a normalized eigenfunction associated to
the eigenvalue x”. It follows from the Krein-Rutman theorem that (* does
not change sign, and that x” is simple. Assume that x* = ¢/(0); then

/[’IZIVC"(X)I2 +(V*(x) = ¢'(0))[¢" (x)|"1dx = 0

which implies {* = 0. We have a contradiction. O

5.2. Estimates away from the interface. In this subsection, we prove the fol-
lowing result

Lemma 5.3. There exist constants k and k' such that for all small enough h

(5.13) [RAVCR2 + |0 2) dx < K'ekIVE,

/RN\%[\/TA

Proof. Let V = ¢'(1) > 0; we can rewrite the equation satisfied by the eigen-
vector (*

(5.14) ~h2ALh + VECh = yhoh
as
(5.15) —h2ALh + (V — Yt = (7 = ViR,

If 6" is the characteristic function of 7°[V'h/2], we define
fi=(V-vhe'th;  f=W -Vh(1-Mh.
Then, x" = v, +v, where v i (J =1, 2) is the unique solution of the problem
(5.16) _hAv; + (V =y, = f
We know that there exists a constant C such that
|V = V*(x)| < Cexp (—y|A(x)|/R).

This implies that
|f2loo < Cexp(—y/2Vh).
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Therefore,if we multiply (5.16) for j =2 by v,, and integrate, we obtain
J 190 + (7 = ahaP) dx < Cexp(-3/2VBunl.,

because (" is normalized. Since there exists a number o € (0, 1) such that for
all A
V- X h 2 a,

we can see that
[v2]2 < @' Cexp(~y/2Vh).

Thus, we can conclude that
/ (R2IV0? + [v22) dx < a=2C? exp(=7/Vh).
Let us now estimate v; on the complement of Z°[vA]. For this purpose,
we use the Green function G of —A + u? which is defined by
—AG(x, )+ u*G(x, u) =46 (the Dirac mass at 0)

for u a strictly positive number. For all positive u, there exists a x(u) which
depends continuously on u such that

max(|G(x, p)l, VG(x, p)]) < k(u)e.

ph =V — xh.

Since x* is bounded from above by ¥ —a and from below by ¢/(0), G(., u")
satisfies the following estimate uniformly in 4 :

max(|G(x, u")|, |VG(x, u")|) < & exp (~|x|u"),
Vx such that |x| > 1.

Let

(5.17)

We have
we) =k [ 6 (52, u) (7 - YOI dy

Since {" is normalized, we have for all m the estimate

1/2
(E / |D"C”|2dx) < Cuh™.
lal=m

This is obtained by applying D* for |a| = m — 1 to (5.14), and by scalarly
multiplying the result by D2¢% .

Let us get now an estimate of |{#| : if m is such that H™(R") is contin-
uously injected into L>°(RY), we let

Z /lDach|2dx=a2’
lal=m

and we observe that if the function f is defined by its Fourier transform

f©) = &)@+ g™
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and g is defined by
. 1
g(é) - a2 + |é|2m )

we have |¢*|, < |fl2lgl2. It is clear that |f]; < Ca and a simple calculation
shows that |g|, < Ca~!*+(N/2m)  Therefore, we have from the definition of a
|{|oc < Ch=N/2, and we can deduce from (5.18) that

m@isch [ G (% #")

7' [Vh/2]
Since we are interested only in |A(x)| > v/h, we may apply estimate (5.16) to
this integral, and we obtain

[vy(x)| < Ch'=3N2 exp (—Mﬂh) :

Now, we estimate the integral of the square of this expression over the com-
plement of Z[Vh]. We have to consider two regions: where d(x,T) > 1,
there exists a constant K such that

d(x,T) > max(4, K|x|).

dy.

Therefore, the contribution on this region is estimated as

12
/ lvy(x)]Pdx | < Ch'=3¥2exp (—Lu").
d(x,T)>1 Kh

On the remaining region,

exp

/ _,dx, r) vh/2 o
Vh<d(x,T)<2

<C/ ex( \/_/2 ")di
sChexp(—;t /\/i_l).

The gradient verifies an estimate of the same nature up to a power of #;
by adjusting the constant in the exponentially small term, we can conclude the
proof. 0O

5.3. Reduction to one dimension. We have the relations
h2|VC"|2+ Vh|¢h|2) dx
J1CF2dx
o Sy (RIVEH2 + VAERPR) dx
B J1Ch2dx
_ f%[s/}'x] (h2|VEk12 + VRIEH?) dx f%[\/;‘,] ICh 2 dx
Jorivm 1C*12 dx J1Ch2dx -

Xh =Rh[€h] = f(

(5.19)
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Let |b| be smaller than or equal to 4, and let y belong to H' (Z[b]). A
restriction of the Rayleigh quotient is defined by

Soiny BIVYP + Vhy?) dx
f%{b] ly|2dx

This Rayleigh quotient corresponds to a Neumann problem for —h2A+ V" over
7b].
As (" is normalized, relations (5.19) and Proposition 5.4 imply that

RACM > (1 - K'e *IVR)RR[CH, V).

(5.20) Ry, bl =

Here, and by an abuse of notation, we denote (” and its restriction to 7 [Vh]
by the same symbols. In particular,

(5.21) RI[CM > (1 - Kle IV inf R'[y, VA

Apply the change of variables (5.10), and let z(A(x)/h, S(x)) = y(x). Then
Ry, V/h] can be rewritten as

&y, vi=| [ [ U (02/0m) @, W+ H1VS - 2(0, )
’ rJ—i/vh ’ ’

(5.22) +¢'(8"(w)\z*)J (hu, 0)duda

1/vh 2 -1
z o) dudo .
[//”f (u, o) du

We now define one-dimensional Rayleigh quotients depending over ¢ : For
a function y € H'(-b, b), let

J2, @y /0w + ¢/ @)y (hu, o) du
J2, 2T (hu, o) dp

We have replaced ©" by © because we are interested in intervals [-b, b] such
that b < 1/2h.

This Rayleigh quotient corresponds to a Neumann problem on [-b, b], with
slowly varying coefficients. More precisely, the operator is

1 d dy ,

T, o) di (J(h#, 0)@) +¢'(8)y,

with Neumann conditions at +b . As is well known, all the eigenvalues of such a
problem are isolated and of finite multiplicity. The smallest eigenvalue of (5.24)
with b =1/ VA will be denoted n{'(a) . It is known to be simple, and the corre-
sponding eigenvector can be taken to be strictly positive over [-1/vh, 1/Vh].
The second eigenvalue will be denoted 7%(g). In particular,

(5.25) nt(o) = inf R*[y, 1/Vh, o).
y#0

(5.23) Ry, b, a]=

(5.24) yo—
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When 4 = 0, the Rayleigh quotient R?[., b, o] does not depend over ¢ and
corresponds exactly to the Neumann problem on [-b, b] for

5.26 Ly . 5
(5.26) . yH_d_;tz+¢( ).
From now on, we shall write R"[y] instead of R[y, 1/V, o].
The proof of the following assertion is clear:

Lemma 5.4. The following estimate holds:
(5.27) R'ly, Vh] 2 minni(o), Vy € H'(Z'[Vh).

To prove Theorem 5.1, it remains to prove estimates over n%(c).

5.4. Spectral estimates independent of o. Let W(x) = ¢/(8(x)). Define an
operator AL by

D(4Y) = {u € H¥-L, L) | v/ (L) =0}; Alu=—u"+Wu.

In this subsection we show that for all o > 0 the intersection of the spectrum
of AL with (—oo0, ¢'(1) — a) converges to the intersection of the spectrum of
A with (—o0, ¢'(1) — a), as L goes to infinity.

Lemma 5.4. Let (nL) be a sequence of eigenvalues of AL, with corresponding
normalized eigenvectors vl ; assume that there exists an o € (0, 1) such that
forall L,

nt<V-a.

Then, we can extract a converging subsequence from the sequence n* and its
limit is an eigenvalue of A .

Proof. The ideas of the proof of Lemma 5.3 will be used again but in a slightly
different fashion. Let a be a positive number, and let J§ be the characteristic
function of [—a, a]. Let

fi=6(V-Wwph; fi=1-8)F-W)py"
and let v; be the solution of
v +(V —ntyw; = ;.

Then,
vl = v, + v,

In this proof, the letter C will denote different constants which do not depend
on L.
As in Lemma 5.3,

1212 < 1(1=6)(V = W)l = |¢/(1) — ¢'(B(a))] < Ce™™.

Therefore,

L
(5.27) / (VR +v3) < Ce 2,
—-L
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Let us now estimate v;: The Green function of —(d?/dx?) + u? over
(=L, L) with Neumann boundary conditions is given by

cosh u(x’' + L) cosh u(x — L)

G(x,x',u)= usinh(ZuL) if x>x';
X5 M= cosh u(x' — L) cosh u(x + L) Fx e
usinh(2uL) .

We will define
ut =V —nt.

Since #% is bounded from below by ¢’(0) and from above by V —a, p” is
bounded and bounded away from zero.
The function v, is given by

w@ = [ G, ', N fitx)dx.
For |x'| < a and |x| > 2a, we have

IGGx, x', uh)] < C exp(—pbix - '),

Since vl satisfies the equation

(5.28) —(wh)" = (n* - W)t
and is normalized, we can see that
[vf|e < CL.

Therefore, we have the estimate
a
oi(x)] < CL™" [ G(x, x', ub)dx’ < CL™" exp(~u*||x| - al).
—-a

A similar estimate holds for the gradient of v, , so that
(5.29) / (v +v?)dx < CL ' exp(~uta).

2a<|x|<L
Therefore, gathering (5.27) and (5.29), we can see that

[ Q@hyP 4t dx < CL expl(—kaa).
2a<|x|<L

Here k, = min(2y, u’). In particular, letting a = L/4, we can see that
max{|ul(x)|: L/2 < |x| < L} < CL2exp(—k;L/4),

so that
(5.30) Llim vi(xL) =0.
Since .
vE(L) —vE(x)? = 2/ vl (x)(vh) (x") dx',
X
we have

(5.31) w2 < WHD)P + [l ) ().
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It follows from (5.31) that
(5.32) [vf|so is uniformly bounded.
Thus, we can refine (5.29) as

(5.33) / (02 + v?) dx < C exp(—pLa).
2a<|x|<L

from which we deduce

(5.34) / ((WLY'|2 + [oE[?) dx < C exp(—kya).
2a<|x|<L

In particular, we can choose for all v > 0 a number a, such that for all
large enough L,

ay
(5.35) / Wl (x)dx > 1 —v.

—a
Since 5L is bounded, we can extract a converging subsequence, still denoted by
n* ; its limit will be denoted 7. From (5.28) and (5.32), we deduce that (uxL)”
is bounded too; therefore, we can extract a subsequence still denoted by vl
such that v (resp. (v%)') converges uniformly on compact sets to v (resp.
v’ ); from (5.28), we can see that (vL)” converges to v” uniformly on compact
sets. Relation (5.35) implies morevoer that

(5.36) v is normalized in L2.
If we take the limit of (5.28), we can see that
(5.37) —v" + Wv =nu;

it follows from (5.36) and (5.37) that # is an isolated eigenvalue of 4. O
We can deduce an important corollary from Lemma 5.4:

Corollary 5.5. Let nt be the infimum of the spectrum of AL. Then, as L goes
to infinity, nt goes to zero, and n¥ is uniformly isolated in the spectrum of A-.
Proof. We can see by substituting v = 6(x) in the corresponding Rayleigh
quotient that
(5.38) limsupnf < 0.

L—oo

But O is the infimum of the spectrum of 4; from Lemma 5.4, we can deduce
that

(5.39) Jlim nf =o.

Moreover, r]{- is isolated in the spectrum of AL: if there were a sequence
n, such that ni were an eigenvalue of AL and n¥ — nF would go to zero,
we could consider the normalized eigenvectors v}r corresponding respectively
to nf for j=1 and j = 2; then, after possibly extracting a subsequence, vk
would converge to an eigenvector v/ of A; since vf would be orthogonal to
v{, v? would be orthogonal to v!, which is a contradiction. O

5.5. The o-dependent spectral problem and conclusion of the proof. The result
of Corollary 5.5 still holds in the o-dependent case:
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Lemma 5.6. The eigenvalue n{'(a) is isolated in the spectrum of the operator
(5.24) uniformly with respect to h, o .

Proof. Consider the Rayleigh quotient R*[y, 1/Vh, ¢]; we can estimate its
numerator as follows:

UVE Mgy | 2
| +W Jhu,o)d
/-wz 3 (xt)y](u )du
1/f 1/vh )
> min J(A, a/ w du.
|MS\/Z( ) Vil u<~/‘ o (Wy-du
/ l/ﬁ 2
+ | max J(A,06)— min J(4, 0 0/ d
(Ill<\/' (4, 0) ig_ ( ))¢() —1/\/sz (w)du

Similarly, the denominator of R*[y, 1/vk, o] can be bounded from above by
1/vVh
max J(4, o / d
ax. 4, 0) _l/fy 2w dp.
Therefore,
min, . 7 J(4, 0)
maxm<\/— J(A, o)

maxMK\/—J(). a)

Ry, 1/Vh, o] > Ry

+ 90—

Similarly,

Ry, 1/Vh, 0] <—
b, 1/ a]—mmMK\/-J(A a)

Ry

axw<\/—.l(}. o) - mmm<\/—J(}L a)
mmw«/—J(/l o)

+¢'(1)

Since I' is compact, we obtain the conclusion by virtue of Lemma 5.6. O
Observe that this lemma gives us only an estimate of the type
nt(o) > CvVh

which is not enough to conclude.

We display now an approximate eigenfunction w” of the operator (5.24)
corresponding to an approximation of its lowest eigenvalue. This approximation
will be an O(h?).

Lemma 5.8. Let z be the unique solution of
(5.40) '+ Wz=¢
which is orthogonal to 0. Let w" bea C* even function over R, nondecreasing

on R*, such that
o — 1, on[0,1/Vvh—-1],
" 10, on[1/Vh,+x).
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Then
whu, o) = [e +h%§g—’;—>z] (1)

satisfies the Neumann conditions at +1/Vh and

1 0 B’wh h_ . h
ST (e D)+t =
where
1V 12
( / |p"|2du) < ch.
-1/vh
Proof. Let us define
~h _ J).(O, 0') .
w —0+hJ(0,a)z’

we start by computing

1 ) aw .
P = ey o (Vs ) ) + Wt

1 ' owt 9w’ h
) a)J‘(h“’”)F;T___'a;ﬂ + Ww
__Jl(h/t,O') (/ J1(0, o) /)_ "n_ _ (0, 09) ,
=T\ 0,07 ) Y M0 e

Jl(oaa)
+W0+hWJ(0,a) .

According to the definition of z we obtain

Ji(0,0)  Ji(hpu,0)] 2 Jithp, a) J;(0, o)
JO,a) J(hu,o) J(hu, o) J(O, o)

The mean value formula implies that for each u there is a x4’ such that

J;(O, 0') _ Jl(h,u9 O') — Jl(hﬂ/a 0)2 — J(h#” G)J)J,(h#/a 0’)
JO,0) J(hu,o) J(hu')? ’

The expression

z'.

ﬁ”=h0'[

hu

LA, 0)2 = J(A, 6)Ju(, o)
T2, o)

is bounded over [-1/vh, 1/vh] by some constant C independently of 4.

Therefore
VA 12 172
/ |p*2du| <h:C (/ 0"2u? d/t)
1/vh

(5.41) - .
(o 54, 0) (0, o)
+h (/ z d”) X 17T, 0) 70, 0)
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We had to truncate %" in order to satisfy the Neumann boundary conditions.
Therefore

1 ] ow" A
- Ty (Ve MG )

. Jilhu, o) 0w 6260) . ow 0
— hh A » ow oW h _AYW O ~h
e +(J(hu,a) op o) 26u6uw'

The extra terms have their support in [—1/vVh, —1/Vh+1]U[1/Vh-1, 1/VH].
Let us show that z(x) and z'(x) decrease exponentially with |x|. We know
that there is a constant C such that |6'(x)| < Cexp(—pB|x|) (see (1.6)). By
definition, z is bounded in L? and |z|, < C|6'|,; from (5.40), we have
—z" =6'"— Wz and therefore

1271, < 16", (1 + C|W],,).

(5.42)

In particular, z is bounded. Let L belongto (0, ¢’(1)); we can rewrite (5.40)
as

(5.43) —z'+(W-L),z+Lz=0"+(W —-L)_z.

The right-hand side of this equation is the sum of the exponentially decreasing
function 6’ and of a bounded function with compact support. Therefore, there
exists a (possibly different) C such that

|6'(x) + (W = L)_(x) — z(x)| < Ce™FIX!,
Let
{=C'e7"™*l withy<g;
then
—{"+ L+ (W —-L) ¢
= —C'y?e™ "M 4 LC'e7™ +-2yCo(x) + (W — L), C'e™™
> Ce‘ﬂl-’d R

provided that C/(L — y2) > C. It is clearly possible to find y and C’ such
that these conditions hold. Therefore { is a positive global supersolution and
by the maximum principle, |z(x)| < {(x), i.e.,

(5.44) |z(x)| < C'e™ "W,
We need an analogous estimate for {’: to this end, we differentiate (5.40):
_ZIII + WZI — 0!/ _ WIZ.

The same argument applies, by virtue of (1.5) and (5.43). Concluding, in (5.42),
the first term is bounded in L? by (5.41), the extra terms can be estimated in L?
norm by Cexp(—y/vh) (with possibly a different y ). The lemma is proved. O

To conclude, we need a perturbation result for isolated eigenvalues of self-
adjoint operators:
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Lemma 5.9. For h* >0, let {4 }0 <n<pe be a family of selfadjoint operators in
a (complex) Hilbert space # , with norm |- | and scalar product (., .).

We assume that

(1) there exists a complex number u and a positive number o such that, for
all h € (0, h*), A" — { has a bounded inverse if |{ — u| = a;

(ii) there exist families of vectors {w"} , {p*} and of complex numbers {i*}
such that for all h

5.4 Arwh = 2wt 4 ph M —u| < a;
(5-43) lwh| =1 and }lir%lphl =0.

(iii) for all h, A" has a unique eigenvalue u" in the disc B(u; ) of center
u and radius o. Then
(5.46) A — ph = O(lp")).

Proof. Let P" be the projection operator on ker (4" — u*), given by
1
h_ _ gh-1
P —27”,/7({ AM~'de

where y is the circle of center x and radius o:

7:[0, 27) — u + ae'.

Since
(ﬂ.h _C)wh =A"w"—§w" —,Dh,
we can write i ,
A" - P
h_ h_
w" = Ah—Cw 7T
Therefore
1 wh 1 [ (4t =¢)"" phag
hooh _ 1 —
Prwt = ylh—CdC+27ti/y FL S

Here the first integral equals w” by Cauchy’s theorem, the second is O(|p"|),
since |(4" — ¢)~!|, |A4* = ¢|~! are uniformly bounded by a constant for { € y
and & € (0, A*). It follows that Ptw* — w* = p* where |p"| = O(|p"|). On
the other hand, if z”* € ker(4" — u"), and z” is normalized:

Phwh — (,wh , zh)zh ,

hence
h

(wh, zM 2" —wh = pt.
We multiply this relation scalarly by w”:
(w", 2 = 1= (p", wh),
which proves that

(5.47) lim |[(w", 2")| = 1.
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Multiplying scalarly (5.45) by z” gives

(" = w*, 2 = (2*, oh).
Taking into account (5.47), we immediately obtain (5.46). O

Proof of Theorem 5.1. From Lemmas 5.5, 5.6, 5.8 we see that n%(o) is isolated
uniformly in ¢, 2. Then we may apply Lemma 5.9 to the following situation:
A" is the operator defined in (5.24), w”, p* are as specified in Lemma 5.8,
Ah=0, u=0, u* = n¥(s). We conclude that n?(s) is O(h?) uniformly
in o. By the results of subsections 5.1, 5.3, n%(c) is a lower bound for the
spectrum of &% . The last statement is proved observing that, since v! =0,
#9-h differs from %" by terms which are O(h?) (in any norm). The proof is
complete. O

So far, we have understated the dependence on the (slow) time s. As a matter
of fact, I and V" depend smoothly on s when s varies in the compact interval
[0, T*], so that Theorem 5.1 holds uniformly in time.

6. COMPARISON WITH THE EXACT SOLUTION

Now that we have the spectral estimates of the previous section, and the
precise asymptotic expansions of §4, we are able to compare the exact solution
of (2.2) and its asymptotic expansion, by means of the following result:

Theorem 6.1. Assume that u satisfies
U — h’Au+¢(u) = p

with initial data
u(x, 0)=ul"(x, 0).

Assume that v is the (exact) solution of
v, — h*Av + ¢(v) = 0,

with initial data
v(x, 0) = vo(x).

If, for t < T*h=2, the remainder p can be estimated by
lp()l2 < A%, |p(t)loc < Coch®™
and the difference between the initial data by
luo — vol2 < C2A%72,  |ug — Voloo < Coch?=72,

and if ¢, > max(6, 4+ N/2) and q., > 4, then, the following estimate hold for
t < T*h=2%, and for small enough h :

lu(t) —v(t))2 < G272, |u(t) — v(t)|eo < Cloh™indo=2, &2=4),
Proof. Let us denote w = u — v, so that
wy — h2Aw + ¢'(w)w = v, — B2AV + ¢'(w)v — us + h*Au — @' (U)u
=—p—¢(v) +d(u) + ¢'(W)(v — u).
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If we set

P(u+w)—¢(u) —¢Ww .
Wi, w) = w? w0,
2¢" (u) otherwise,
the function w satisfies the partial differential equation
(6.1) w, — h?Aw + ¢ (Ww = —p — y(u, w)w.

By construction, y is continuous in % and w ;as ¥ and w are bounded, for
all time ¢t < T*h~%, |y (u, w)|o is bounded for ¢ < T*h~2 by a constant. We
denote by o(f) the L? norm of u(¢), and by w(f) its L norm.

According to Theorem 5.1, there exists a constant K such that for ¢ <
T*h~2,

(=h*Aw + ¢'(w)w , w) > —Kh?a>.

Therefore, we have the differential inequality
(6.2) a(t) < Kha(t) + |p(0)|2 + W (1, w)|ea(t)e(t).

On the other hand, we may write
w(., t)=&(., h%)xwy— /t E(., (t=s)h?) x[p+y(u, w)w?+ ¢ Ww](s)ds,
0
which yields
(6.3)
t t
@) < [oleot [ 19(5)eods [ 18, (1=5)A)slw (1, w0+ ()w])$)o .

Let us compute |&(., t)|2:
12
&, )| = (/(47”)‘” exp(—x2/2t) dx)

- ( [ty exp(-lyit /e dy) "

= C(N)t~ N4,
We have to distinguish between three cases: N <4, N=4 and N > 4.
(i) N < 4. We denote by C, and C, respectively the upper bounds of
|w(u, w)(t)lo and |¢'(u)(t)|oo . From (6.3), we deduce that
(6.4)
= Y C(N)ds
< Coohi>2 doo / —_ T
w(t) < C, + tCooh +srer%31’xtl (@(8)a(s)Cy + a(s)Cy) o (2 s))N/4
{1-(N/4)
1-(N/4)
Let [0, t(h)h~2], be the largest time interval included in [0, T*h~2] over
which w(f) < C"h?, where C” is a positive number which will be determined

later. If C” > C,,, a continuity argument shows that ¢(h) > 0, but #(h) might
be small with 4. On [0, t(h)h~2], (6.2) becomes

(6.5) a(t) < (K + C, C"Yh2a(t) + Cyh%.

< Cooh®72 4 tCo h? + max (w(s)a(s)Cy + a(s)Cy) N2
§ »
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Let K’ =K + C,C"; then, a Gronwall lemma yields
"h2¢t) — ~ 1
a(t) < o(0) exp(K'h21) + cthz—Ze"p(KK¢ < (c2 + %) KT a2,
We summarize this inequality by
(6.6) a(t) < Csh%~2,
for t < t(h)h—2. We substitute this estimate of « in (6.4) and obtain
(6.6)

5 «1—=(N/4)
(1) < (Coo + T* Co) %2 4 (C" Cooh® + Csh#=2)Cyh=2 %

1 - (N/4)

and the right-hand side of this inequality is less than C”h9=~2 < C"h?, pro-

vided that

T*1 - (N/4)C(N)
1-(N/4) ’

0226, do>4, C">T"Co+Coo+2CCy

. Cs
h < min (l, C"Coo) .
Under these conditions, it is clear that #(h) = T*, by a standard connectedness
argument.
(ii) N = 4. We have to adjust the previous proof because 1/¢ has a non-
integrable singularity at ¢ = 0. The first step is to observe that if t = O(1), we
deduce from (6.3) the crude estimate

t
o(t) < Cooh~2 4 Cooh +/ [Cyw(s)? + Cp(s)] ds.
: 0
As we know that w is bounded uniformly in time, an application of Gronwall
lemma with constants which do not have to be precise gives
6.7) @(t) < (Cooh®72 + Cooh?)0(1) for t < O(1).

Assume now that ¢ > 1. We split the second integral which appears in (6.3).
Assume y >0, and let ¢ =¢— h”. Then

/0 2, (¢ - ) * [w(u, ww? + ¢ (Ww](s)|o ds

(6.8) < %gg}gﬁ, (@(s)als)Cy + a(s)Cy)

+(t=1) sg%glﬁ](w(s)za, + 0(s)Cp).
We use the notations of the case N < 4; on the interval [0, t(h)h~2], (6.5),
(6.6) hold and by substitution in (6.8)
0(t) < (Coo + T*Coo)h%"2 + (log(T*h‘2‘7)h42‘4C(4)C’2(C¢ + C"h2Cy))
+h2*7C"(Cy + C, C"h2).

The argument of the previous case shows that if ¢, > 6, g > 4, C” large
enough and % small enough, ¢(h) = T*, and the error estimate

|o(f)] < Ch™in@o—2, 62=4)
holds true.
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(iii) N > 4. With the same splitting as in the previous case, we have

@(t) < (Coo + T*Coo) ) h9= 2

02 , "2 hY(1=(N/4)—(N/2)
+h C(N)Cz[C¢ +C"h Cw]W
+ K7C(Cy+ C C"h?).

The argument of the previous two cases shows that if ¢g; > 4+ (N/2), g > 4,
y small enough, C” large enough and for all small enough /%, we can take
tth)=T. O

Theorems 4.6, 5.1 and 6.1 show that with ¢ = 5 terms in the expansion of u
for N < 4, the error between the exact solution and #9:" is small with 4. The
number of necessary terms in the expansion increases linearly with the space
dimension. It is clear from the statement of Theorem 6.1 that an arbitrarily
high precision can be achieved by increasing g .
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